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Based on statistical conditional optimization criteria, we developed an
iterative algorithm that starts from the matched filter (or constraint vec-
tor) and generates a sequence of filters that converges to the minimum
variance distortionless response (MVDR) solution for any positive defi-
nite input autocorrelation matrix. Computationally, the algorithm is a sim-
ple recursive procedure that avoids explicit matrix inversion, decomposi-
tion, or diagonalization operations. When the input autocorrelation matrix
is replaced by a conventional sample-average (positive definite) estimate,
the algorithm effectively generates a sequence of MVDR filter estimators:
The bias converges rapidly to zero and the covariance trace rises slowly
and asymptotically to the covariance trace of the familiar sample matrix
inversion (SMI) estimator. For short data records, the early, nonasymp-
totic, elements of the generated sequence of estimators offer favorable
bias—covariance balance and are seen to outperform in mean-square es-
timation error constraint-LMS, RLS-type, and orthogonal multistage de-
composition estimates (also called nested Wiener filters) as well as plain
and diagonally loaded SMI estimates. The problem of selecting the most
successful (in some appropriate sense) filter estimator in the sequence for
a given data record is addressed and two data-driven selection criteria are
proposed. The first criterion minimizes the cross-validated sample aver-
age variance of the filter estimator output. The second criterion maximizes
the estimated J-divergence of the filter estimator output conditional dis-
tributions. Illustrative interference suppression examples drawn from the
communications literature are followed throughout this presentation.
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1. INTRODUCTION
—

Minimum variance distortionless response (MVDR) filtering refers to the
problem of identifying a linear filter that minimizes the variance at its output,
while at the same time the filter maintains a distortionless response toward a
specific input vector direction of interest. If r is a random, zero mean without
loss of generality, complex input vector of dimension L, r € C*, that is processed
by an L-tap filter w € CL, then the filter output variance is w”Rw, where
R = E{rr} is the input autocorrelation matrix (E{-} denotes the statistical
expectation operation and x denotes the Hermitian, that is, the transpose
conjugate of x). The MVDR filter minimizes w” Rw and simultaneously satisfies
wlv =1, or more generally w/’v = p € C, where v € Cl is the signal vector
direction to be protected. In this setup, MVDR filtering is a standard linear
constraint optimization problem and a conventional Lagrange multipliers
procedure leads to the well-known solution [1, 2]

R lv
WMVDR = P* VAR-1v’ (1)

where p* denotes the conjugate of the desired response w”v = p. MVDR fil-
tering has been used extensively in unsupervised signal processing applications
where a desired scalar filter output d € C cannot be identified or cannot be as-
sumed available for each input r € C* (for example, in radar and array process-
ing problems where the constraint vector v is usually referred to as the target or
look direction of interest). We may also observe the close relationship between
the MVDR filter and the minimum mean square error (MMSE) or Wiener filter.
Indeed, if the constraint vector v is chosen to be the statistical cross-correlation
vector between the desired output d and the input vector r, that is if v = E{rd*},
then the MVDR and MMSE filters become scaled versions of each other, cRlv,
¢ € C. For this reason, in the rest of the paper we will use the term MMSE-
MVDR filter to refer to either filter.

In this article, first we present an iterative algorithm for the calculation of the
MMSE-MVDR vector wymysgmvpr in (1). The algorithm is a noninvasive pro-
cedure where no explicit matrix inversion—eigendecomposition-diagonalization
is attempted. The MMSE-MVDR computation algorithm creates a sequence of
filters w,, n =0, 1, 2, ..., that begins from wo = (p*/||v||®)v and converges to the
MMSE-MVDR filter (W, = Wyvse/MVDR)- At each steprn=1,2, ..., w, is given
as a simple, direct function of R, v, and w,,_1.
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The development of the iterative algorithm (which we call the auxiliary-
vector algorithm for reasons that will become apparent) is founded solely on
statistical signal processing principles. The motivation behind its development
is adaptive signal processing where the input autocorrelation matrix R is
assumed unknown and it is sample-average estimated by a data record of M
points, ri,ro, ..., Ty

M
R(M) = % > rar @)
m=1

When R is substituted by f{(M ) in the recursively generated sequence
of filters w,, n =0,1,2,..., the corresponding filter estimators w,(M), n =
0,1,2,..., offer the means for effective control over the filter estimator bias
versus (co-)variance trade-off [3]. Starting from the O-variance, high-bias (for
nonwhite inputs) Wo(M) = (p*/||v||?)v estimate, we can go all the way up to
the unbiased, yet high-variance for small data record sizes M, W, (M) estimate
and anywhere in between, w,, (M), 1 <n < oo. As a result, adaptive filters from
this newly developed class can be seen to outperform in expected norm-square
estimation error, E{|wW(M) — WMMSE/MVDR”Z}, (constraint-) LMS [4], sample
matrix inversion (SMI) [5] with or without diagonal loading [6], RLS-type [7, 8],
and orthogonal multistage decomposition (also called nested Wiener) [9, 10]
adaptive filter implementations. It is worth mentioning that the familiar trial-
and-error tuning to problem and data-record-size specifics of the real-valued
LMS gain or RLS inverse matrix initialization constant or SMI diagonal loading
parameter that plagues field practitioners is now replaced by an integer choice
of one of the recursively generated filters.

The problem of selecting the best (in some appropriate sense) filter estimator
in the sequence for a given data record is addressed and two data-driven
selection criteria are proposed. The first criterion is rather general and
is motivated by the asymptotic minimum output variance property of the
generated sequence of filter estimators. In particular, for a given data record,
we select the filter estimator that has minimum cross-validated average output
variance (energy). The second rule is built specifically for binary antipodal
(BPSK-type) communication signals and is related to the objective of achieving
maximum stochastic distance between the two conditional distributions of the
filter estimator output. Under this rule, we choose the filter estimator in the
sequence that exhibits maximum estimated J-divergence of the conditional
output distributions. We pursue and analyze both supervised and unsupervised
(blind) implementations of this criterion. Illustrative case studies drawn from
the code division multiple access (CDMA) communications literature are
followed throughout this article.

The rest of the article is organized as follows. In Section 2 we present the
basic algorithmic development and analysis results. Filter estimation issues are
discussed in Section 3. The two data-driven criteria for the selection of a filter
estimator from the generated sequence are developed in Section 4. In Section 5
we examine the quality of the proposed criteria through simulations. A few
concluding remarks are given in Section 6.
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2. ALGORITHMIC DEVELOPMENTS AND CONVERGENCE ANALYSIS
—

For a given constraint vector v € C’ consider the set of filters D = {w e C’:
w = (p*/||V|®)v +u, u € CL, and v u = 0}. D is the class of all filters w in C-
that have a given response p in v; that is, w/v = p. In this section we develop
an iterative algorithm for the computation of the u component of the MMSE-
MVDR filter.

Algorithmic designs that focus on the MMSE-MVDR filter part u that is
orthogonal to the constraint vector, or look, direction v have been widely
pursued in the array processing literature and have been known as generalized
sidelobe cancelers (GSC) [11] or partially adaptive beamformers [12]. Recent
developments have been influenced by principal component analysis reduced-
rank processing principles [13]. In general, the MMSE-MVDR filter part u
(uv = 0) has been approximated by u; 1 ~ —BLX(L_DT(L_Dxi,ng(f, where B
is the so-called blocking matrix that satisfies Bfv=0;_1; (B is a full column-
rank matrix that can be derived by Gram-Schmidt orthogonalization of an
L x L orthogonal projection operator such as I — vv” /|v||2, where I is the
identity matrix), T is the rank reducing matrix with 1 < p < L — 1 columns
to be designed, and wSC is the MS-optimum vector of weights of the p columns
of T (WGSC = (p*/|Iv|I®)[TFBYRBT|'T#B”Rv [12]). In [14] and [15] the p
columns of T were chosen to be the p maximum eigenvalue eigenvectors of the
blocked data autocorrelation matrix B/ RB. If, however, the columns of T have
to be eigenvectors of B RB (there is no documented technical optimality to this
approach), then the best way to choose them in the minimum output variance
p-rank approximation sense was presented in [16]: Select the p eigenvectors
q; of B?RB, with corresponding eigenvalues 1;, that maximize v RBq;|%/A;,
i =1,..., p. This design algorithm was called cross-spectral metric reduced-
rank processing in [17]. A different approach from a different point of view
is described in this work. A conditional statistical optimization procedure is
shown to offer the means for exact computation of u as the convergence point
of an infinite series of the form — ) 0 1,8y, nn € R, g, € CE, and gflv =0,
Vn=12,....

We begin the algorithmic developments from the conventional matched filter
(MF) with desired response w/v = p
%

P
Wo=-—5V, (3)
[[v2

which is MMSE-MVDR optimum for white CX vector inputs (when R =o2I,
o > 0). We recall that, w.l.o.g. and for notational simplicity, we assume through-
out this presentation that the input vectors r € Cl are zero mean. Next, we
incorporate in wy an “auxiliary” vector component that is orthogonal to v and
we form (Fig. 1)

*

P
W1 =Wo— 1181 = WV_ngls 4)
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FIG. 1. Block diagram representation of the iteratively generated sequence of filters

where g; € Ct — {0}, u1 € C, and gfv = 0. We assume for a moment that
the orthogonal auxiliary vector g; is arbitrary but nonzero and fixed and we
concentrate on the selection of the scalar ;. The value of 11 that minimizes
the variance of the output of the filter w; can be found by direct differentiation
of E {|w{’ r|2} or simply as the value that minimizes the MS error between
wilr = (p/|v|*)vr and p;jgl'r. This is essentially a scalar version of the GSC
weight determination problem and we present the solution in the form of a
proposition [18]:

PROPOSITION 1. The scalar i1 that minimizes the variance at the output of
w1 or equivalently minimizes the MS error between wgr = (p/IvI*)vHr and
wighris

g'Rw

M1= —m——, (5)
g7Rg:

where R = E{rr"} is the input autocorrelation matrix.

Since g; is set to be orthogonal to v, (5) shows that if the vector Rwy
happens to be on v (that is, Rwy = (v/Rwyg)/(|v|2)v or equivalently (I —
v /|v|2)Rwy = 0), then 11 = 0. Indeed, if Rwg = (v’ Rwy/|v|%)v then wy
is already the MMSE-MVDR filter. To avoid this trivial case and continue
with our developments, we suppose that Rwg # (v’ Rwy/||v||?)v. By inspection,
we also observe that for the MS-optimum value of w; the product pig; =
(87 Rwy /g Rg1)g: is independent of the norm of g;. Hence, so is wy. At this
point, we decide to choose the auxiliary vector g; as the normalized vector that
maximizes the magnitude of the cross-correlation between wgl r=(p/|v|®)vir
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and g{’r, under the constraint that g’v =0 and gi’g; = 1:
g = argmgax| E{wir(g"r)"}| = argmgax|ngg|

subject to g'v=0and gfg=1. (6)

For the sake of mathematical accuracy, we note that both the criterion
function |w{'Rg| to be maximized and the orthogonality constraints are
phase invariant. In other words, if g; satisfies (6) so does gie/? for any
phase ¢. Without loss of generality, to avoid any ambiguity in our presentation
and to have a uniquely defined auxiliary vector, we seek the one and only
auxiliary vector that satisfies (6) and places the cross-correlation value on the
positive real line (w§Rg > 0). This constraint optimization problem was first
posed and solved in [19] where the filter wy in (4) was used for multiple
access interference suppression in multipath CDMA communication channels.
Intuitively, the maximum magnitude cross-correlation criterion as defined in (6)
strives to identify the auxiliary vector orthonormal to v that can capture the
most interference present in wé’ r. The solution, derived through conventional
Lagrange multipliers optimization, is given below.

PROPOSITION 2. Suppose that (I — vv' /|v||2)Rwq # 0 (Wo # WMMSE/MVDR)-
Then, the auxiliary vector
vH Rwyg
lIvi?

- [Rwo — ¥ev]

Rwj — v

g1 (7

maximizes the magnitude of the cross-correlation between wg r=(p/|vI®)vir
and gi'r, (Wi Rg1|, subject to the constraints g'v = 0 and g g1 = 1. In addition,
ng Rg; is real positive (wg Rgi > 0).

So far we have defined wy in (3) and wy in (4) with g; and p1 given by (7)
and (5), respectively. The iterative algorithm for the generation of an infinite
sequence of filters wgy, wi, wo, ... is already taking shape. Formally, we just
need to specify the inductive step. Assuming that the filter w, = (p*/|v|?)v —
Y ' 1 nigi has been identified for some n > 1 and W, # WyMSEMVDR, We argue
as in Propositions 1 and 2 and we define

W;it1l =Wy — Up+18n+1s (8)
where
H
Rw, — ¥5v
gl’l+1 = H (9)
”RW” - v”‘ﬁ;v,,v”

is the orthonormal auxiliary vector (with respect to v) that, given w,,, maximizes
conditionally the cross-correlation magnitude |E{w/ r(gl ;1)*}| = |w/Rg, 1l
and

g ;Rw,

— = (10)
g5+len+1

Mn+1 =
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is the scalar that minimizes the MS error between w/r and u* +1gf+1r

(minimizes E{|w17+1r|2}).

It is important to note that, while the generated auxiliary vectors g1, go, ...
are all constrained to be orthogonal to v, orthogonality among the auxiliary
vectors is not imposed [20, 21]. This is in sharp contrast to previous work that
involved filtering with up to L — 1 orthogonal to each other and to v vectors
[22-24], where L is the data input vector dimension. We observe, however,
that successive auxiliary vectors generated by the above recursive conditional
optimization procedures (8)—-(10) do come up orthogonal: gi'g,.; =0, Vn =
1,2,3,... (while gf'g,, #0, Vn,m, |n —m| # 1). For completeness purposes, we
present this observation below in the form of a lemma.

LEMMA 1. Successive auxiliary vectors generated through (8)-(10) are or-
thogonal: gfg, .1 =0,n=1,2,3,.... However, gl'g,, #0, Vn,m, [n —m| # 1.

The algorithm is summarized in Fig. 2. The conceptual simplicity of the
conditional statistical optimization process led to a computationally simple
recursion. In Fig. 2 we chose to drop the unnecessary, as previously explained,
normalization of the auxiliary vectors and we also factorized their numerator to
make the orthogonal projection operator apparent. Formal convergence of the
filter sequence wg, Wi, Wa, ... to the MMSE-MVDR filter p*R-1v/v/R lv is
established by the following theorem. The proof can be found in [21].

THEOREM 1. Let R be a Hermitian positive definite matrix. Consider the
iterative algorithm of Fig. 2.

Auxiliary—Vector Algorithm

Input:

Autocovariance matrix R, constraint vector v,
desired response w"v =p .

Initialization:
_ 0

w, = v,

° vl

Iterative computation:

For n=1,2, ... do

begin
ci= (1-YYR
g ( va) Wn—W
if 9,=0 then EXIT

o gr’\—‘an—W

= gFRyg,
Wy == Wp—HUnQy

end

Output:

Filter sequence w,, w,, w,,

FIG. 2. The algorithm for the iterative generation of the filter sequence wy, w;, wy, ...
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(i) The generated sequence of auxiliary-vector weights {u,}, n=1,2,...,is
real-valued, positive, and bounded,

[u—y

n=1,2,..., (1D

0<—— <p, <
max Amin

)

where Amax and Apin are the maximum and minimum, correspondingly,
eigenvalues of R.

(i) The sequence of auxiliary vectors {g,}, n=1,2, ..., converges to the 0
vector:
lim g, =0. (12)
n— o0
(iii) The sequence of auxiliary-vector filters {wy,}, n =1,2, ..., converges to

the MMSE-MVDR filter:

. R lv
lim w, = p*

n— 00 vER v’ (13)

We conclude this section with an illustration. We draw a signal model
example from the direct-sequence code division multiple access (DS-CDMA)
communications literature and we assume a synchronous system where the
input signal vector r € R’ is given by

K
r= Z@bksk +n. (14)
k=1

In this setup, K denotes the total number of signals (users) present and each
signal is defined through an L-dimensional, normalized, binary-antipodal vector
waveform (or user signature) s, k=1,2,..., K. The signature vector dimension
L is usually referred to as the system spreading gain. With respect to the kth
user signal, Ej is the received signal energy and by € {—1, +1} is the information
bit modeled as a random variable with equally probable values and assumed
to be statistically independent from all other user bits b;, j # k. Additive
white Gaussian noise contributions are accounted for by n with autocorrelation
matrix E{nnT} = 621, ,; (xT denotes the transpose of x). With this notation
and normalized user signatures, the signal-to-noise ratio of the kth user signal
is defined by SNR; = 10log;o E/o2 dB, k=1,2,.... K.

MMSE-MVDR filtering for DS-CDMA type problems has attracted significant
interest [25-29]. If we wish to recover the information bits of, say, user I,
then all other signals constitute multiple-access interference and the MMSE-
MVDR filter is built with constraint vector v = s;, desired response wls; =1,
and autocorrelation matrix R = Y5, Eysis] + 021 We choose L =32, K = 13,
and we draw an arbitrary set of signatures si,so,...,s13. For purposes of
completeness in presentation, the exact signature assignment is given in the
Appendix. We fix the SNR of the user of interest at SNR; = 12 dB while the
interferers k =2, ...,13 are at SNRg_5 = 10 dB, SNRg_g = 12 dB and SNR1g_13 =
14 dB. Figure 3 shows how the sequence of filters wg, w1, ... generated by the
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FIG. 3. Convergence of the sequence of filters w,, n =0,1,2, ..., to the MMSE-MVDR solution
for the signal model example in (14).

algorithm in Fig. 2 converges to the MMSE-MVDR solution. The convergence
is captured in terms of the norm-square metric |w, — WymseMvDRIZ as a
function of the iteration step (index of the AV filter in the sequence or number
of auxiliary vectors used) n.

3. FILTER ESTIMATION
—

Consider a constraint vector v and a Hermitian positive definite autocor-
relation matrix R of an input vector r € CL. Assume that R is in fact un-
known and it is sample-average estimated from a data record of M points:
f{(M )= (1/M) Z;A::l r, vl For Gaussian inputs, f{(M ) is a maximum-likelihood
(ML), consistent, unbiased estimator of R [3, 30]. For a large class of multi-
variate elliptically contoured input distributions that includes the Gaussian,
if M > L then f{(M ) is positive definite (hence invertible) with probability 1
(w.p. 1) [31-33]. Then, Theorem 1 in Section 2 shows that

[R(M)]" v
vH[R(M)]-1v’

*

(15)

ﬁ’n(M) ——n—o00 WOO(M) =p

where Wy (M) is the widely used MMSE-MVDR filter estimator known as the
SMI filter [5].

The output sequence begins from Wy (M) = (p*/||v||?)v, which is a O-variance,
fixed-valued estimator that may be severely biased (Wo(M) = (p*/||V|2)v #
wymMSEMVDR) Unless R = 21, for some o > 0. In the latter trivial case, Wo(M) is
already the perfect MMSE-MVDR filter. Otherwise, the next filter estimator in
the sequence, W1 (M), has a significantly reduced bias due to the optimization
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procedure employed, at the expense of nonzero estimator (co-) variance.
As we move up in the sequence of filter estimators w,(M), n =0,1,2,...,
the bias decreases rapidly to zero? while the variance increases slowly to
the SMI (Wo(M)) levels (cf. (15)). To quantify these remarks, we plot in
Fig. 4 the norm-square bias || E{w, (M)} — WMMSE/MVDR||2 and the trace of the
covariance matrix E{[W,(M) — E{W,(M)}][W,(M) — E{w,(M)}]7} as a func-
tion of the iteration step n for the signal model example of Fig. 3 and
data record size M = 256. Bias and cov-trace values are calculated from
100000 independent filter estimator realizations for each iteration point n.
Formal, theoretical statistical analysis of the generated estimators w,(M),
n=20,12,..., is beyond the scope of this presentation. We do note, how-
ever, that for multivariate elliptically contoured input distributions, an an-
alytic expression for the covariance matrix of the SMI estimator W, (M)
can be found in [33]: E{[Woo(M) — E{Weo(M)[Woo(M) — E{Wo(M)NNH} =
e PEVARIvMY(M — L +1DIR1 — R Ivw/R1/vH¥R"lv). Since under these
input distribution conditions W, (M) is unbiased, the trace of the covariance
matrix is the MS filter estimation error. It is important to observe that the co-
variance matrix and, therefore, the MS filter estimation error depend on the
data record size M and the filter length L, as well as the specifics of the signal
processing problem at hand (R and v). It is also important to note that for the
CDMA signal model example in (14) the input is Gaussian-mixture distributed.
Therefore, the analytic result in [33] is not directly applicable and can only be
thought of as an approximation (a rather close approximation as we concluded in
our studies). In any case, from the results in Fig. 4 for M = 256, we see that the

o
®

Bias & Cov-Trace

A .

W, Bias
- \;\vn Cov-Trace 1
SMI (\;\vw) Cov-Trace

o
>

I
kN

0.2

Il L 1 1 L 1 1 Il
0 20 40 60 80 100 120 140 160 180 200
Numerical lteration (number of auxiliary vectors) n

FIG. 4. Norm-square bias and covariance trace for the sequence of estimators w,(M),
n=0,1,.... The signal model is as in Fig. 3 and M = 256.

2The SMI estimator is unbiased for multivariate elliptically contoured input distributions
[33, 34]: E{Wo (M)} = Wyysp/mvor = 2" R7v/ VR v,
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FIG. 5. MS estimation error for the sequence of estimators w,(M),n =0,1,.... Data record size

(a) M =256, (b) M =2048.

estimators Wi (M), Wo(M), ..., up to about Weg(M) are particularly appealing. In
contrast, the estimators w,, (M) for n > 20 do not justify their increased cov-trace
cost since they have almost nothing to offer in terms of further bias reduction.
The mean-square estimation error expression E{|w,(M) — WMMSE/MVDR||2}
captures the bias—variance balance of the individual members of the estimator
sequence W,(M), n=0,1,2,.... In Fig. 5 we plot the MS estimation error as
a function of the iteration step (index of AV filter in the sequence or number
of auxiliary vectors) n for the case study in Fig. 4, for M = 256 (Fig. 5a)
and M = 2048 (Fig. 5b). As a reference, we also include the MS-error of the
constraint-LMS estimator [4, 35]
R VVH R R :0*
Wrms(m) = (I - W) [Wims(m — 1) — purpry Wims(m — D] + WV,
m=1,...,. M, (16)
with Wi ms(0) = (p*/|[v||?)v and some u > 0, and the RLS estimator [7, 8] with

matrix-inversion-lemma-based R~! estimation:

. R R-1m—1 " HR-1m — 1
RUm=R'm_1_ B Do, R7m=D oy an
1+rR-1(m — Dy,

with ﬁ_l(O) = (1/€p)I for some ¢y > 0. Theoretically, it is known that the
LMS gain parameter u > 0 [36] has to be less than 1/(2.xg}g§ked), where
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FIG. 6. MS estimation error versus number of auxiliary vectors n and sample support M.

ablocked jg the maximum eigenvalue of the blocked-data autocorrelation matrix
I — w/|v|H)RA — vv/||v||?). While this is a theoretical upper bound,
practitioners are well aware that empirical, data-dependent optimization or
tuning of the LMS gain u > 0 or the RLS initialization parameter ¢y > 0
[37] is necessary to achieve acceptable performance (in our study we set u =
1/(200 - xg}ggked) and ¢g = 20, respectively). This data specific tuning frequently
results in misleading, overoptimistic conclusions about the short data record
performance of the LMS and RLS algorithms. In contrast, when the filter
estimators w, generated by the algorithm of Fig. 2 are considered instead,
tuning of the real-valued parameters u and ¢ is virtually replaced by an integer
choice among the first several members of the {w,} sequence. Adaptive, data-
dependent criteria for the selection of the most appropriate AV filter in the
sequence for a given data record are developed in the next section. In Fig. 5a, for
M = 256 all estimators w,, from n = 2 up to about n = 55 outperform in MS-error
their RLS, LMS, and SMI (W) counterparts. wg (n = 8 auxiliary vectors) has
the least MS-error of all (best bias—variance trade-off). When the data record
size is increased to M = 2048 (Fig. 5b), we can afford more iterations (more
auxiliary vectors) and w3 offers the best bias—variance trade-off (lowest MS-
error). All filter estimators w, for n > 8 outperform the LMS, RLS, and SMI
(Woo) estimators. For such large data record sets (M = 2048), the RLS and the
SMI (W,) MS-errors are almost identical. Figure 6 offers a 3-dimensional plot
of the MS estimation error as a function of the number of auxiliary vectors n
and the sample support M. The dark line that traces the bottom of the MS
estimation error surface identifies the best number of auxiliary vectors for any
given data record size M.
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An alternative bias-variance trading mechanism through real-valued tuning
is the diagonally loaded (DL) SMI estimator [6]

[R(M) + AT]™!
vE[R(M) + AIl-1v

*

WpL-smi(A) = p (18)

where A > 0 is the diagonal loading parameter. We observe that wpr.syi(A = 0)
is the regular SMI estimator, while hm WoL-smi(A) = (p*/||v[|?)v which is the

properly scaled matched filter. In Flg 7 a we plot the MS estimation error of the
DL-SMI estimator as a function of the diagonal loading parameter A (M = 60).
We identify the best possible diagonal loading value A ~ 3.45 (at significant
computational cost) and in Fig. 7c we compare the best DL-SMI estimator
against the AV estimator sequence for which no diagonal loading is performed.
Interestingly, the AV estimators w,, from n =4 to 7 outperform in MS-error the
best possible DL-SMI estimator (A ~ 3.45).

Finally, a finite set of L filter estimators with varying bias—covariance
balance can be obtained through the use of the orthogonal multistage filter
decomposition procedure in [9, 10] (the resulting filters have been also referred
to as nested Wiener filters). It can be shown theoretically that the /-stage filter,
Wistage, 0 <1 < L — 1, is equivalent to the following structure. First, change the
auxiliary-vector generation recursion in (9) or Fig. 2 to impose orthogonality
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not only with respect to the constraint vector v but also with respect to all

previously defined auxiliary vectors y1,yo,...,¥,_1,n <L —1:
= yiy!
1Y
Yo=|I-—5—-) —% |Rw,_1. (19)
! < E ; ||yl-||2> !
Next, terminate the recursion at n =1, 0 <! < L — 1, and organize the [
orthogonal to each other and to v vectors yi,...,y; in the form of a blocking
matrix By .; =[y1, ¥e, ..., ¥i1. Then,
,0*
Wistage = 7 — 5V — B, a1, (20)
vl
where
*
o= ”'OW[BHRB]_lBHRV (21)
v

is the MS vector-optimum (unconditionally optimum) set of weights of the
vectors y1,y2,...,y:.° In the context of MMSE-MVDR filter estimation from
a data record of size M, W.stage(M) is the matched filter and W(;_1)-stage (M) is
the SMI estimator. In Fig. 7b we plot the MS estimation error of Wi.stage(M)
as a function of /, 0 </ <L — 1=31 (M = 60). We identify the best multistage
estimator (I = 3 stages) and in Fig. 7c we compare against the AV estimator
sequence. We see that all AV estimators w,, from n = 3 to 8 outperform in MS-
error the best multistage estimator (/ = 3 stages). Finally, as a last study, in
Fig. 8 we plot the MS-error of the A = 3.45 DL-SMI estimator together with the
MS-error of the best multistage and AV estimators over the data support range
M=L/2=16to M =3L = 96.

4. HOW TO CHOOSE THE NUMBER OF AUXILIARY VECTORS
—

In this section we present two data-driven rules for the selection of the
number of auxiliary vectors n [39]. The first rule selects the AV filter estimator
with n auxiliary vectors that has minimum cross-validated average filter output
energy. The second selection rule is specific to BPSK communications receivers
that employ a sign detector at the output of the linear auxiliary-vector filter.
Details are given below.

3 Therefore, the multistage filter in [9, 10] is identical to the filter wg as it appears in [22-24]. The
multistage decomposition algorithm is a computationally efficient procedure for the calculation of
this filter tailored to the particular structure of BYRB (tridiagonal matrix). The same computational
savings can be achieved by the general forward calculation algorithm of Liu and Van Veen [38] that
returns all intermediate stage filters along the way, up to the stage of interest / (total computational
complexity of order O((M + [)L?)). The AV algorithm in Fig. 2 has computational complexity
O((M + n)L?) where n is the desired number of auxiliary vectors. Again, all intermediate AV filters
are returned. Estimators of practical interest have I « M or n < M. Therefore, the complexity of all
such algorithms is dominated by O (M L?) which is required for the computation of R(M).
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FIG. 8. MS estimation error for the best multistage and AV estimators over the data support
range M = L/2 =16 to M = 3L = 96. The MS estimation error of the A = 3.45 DL-SMI estimator is
also included as a reference.

4.1. Cross-Validated Minimum Output Variance Rule (CV-MOV)

Cross-validation is a well-known statistical method [40]. Here, we use cross-
validation to select the filter parameter of interest (number of auxiliary
vectors n) that minimizes the output variance which is estimated based on
input observations that have not been used in the process of building the filter
estimator itself.

A particular case of cross-validation that we use in this work is the leave-one-
out method. The following criterion defines the CV-MOV AV filter estimator
selection process.

CRITERION 1. For a given data record of size M, the cross-validated mini-
mum output variance AV filter estimator selection rule chooses the AV filter es-
timator Wy, (M) that minimizes the cross-validated sample average output vari-
ance, i.e.,

M

ny = argmnin{ > W (M\m)r, el W, (M\m) } (22)
m=1

where (M\m) identifies the AV filter estimator that is evaluated from the available

data record after removing the mth sample.

It may be important to emphasize the need for invoking the cross-validation
technique for the evaluation of the sample-average output variance. If a sample-
average evaluation using all data were attempted, then the selection rule would
take the form min(W,! (M)R(M)W,, (M)}, where R(M) = (1/M) Y M_, v,,v# and

W, (M) is given by the algorithm of Fig. 2 with f{(M ) in place of R. Such min-
imization, however, would result in n = co since we know that W/ (M)R(M)
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W, (M) — Wi (M YR(M)Woo (M) and the SMI estimator Wo, (M) achieves mini-
n— o0

mum sample average output variance ffvfo(M )ﬁ(M YWeo(M) (but not minimum
true output variance Wi (M)RwWo, (M), of course).

4.2. Output J-divergence Rule

For illustration purposes we reconsider the BPSK CDMA signal model
example in (14). The output J-divergence rule selects the AV filter estimator
from the sequence of AV estimators that maximizes the J-divergence of the
Gaussian approximated conditional filter-output distributions (conditioned on
the transmitted information bit »; = +1 or by = —1). The appropriateness of
such a criterion as well as implementation details are presented below.

For a given AV filter estimator W, (M), we denote by p,, the real part* of the
filter output with input the mth data vector r,,, n=1,2,..., M,

pm =Re[W! (M1, = /E1 Re by (m)W (M)s]

K
+ Y VERe[b ()W (M)s¢] + Re[W! (M)n,,], (23)

k=2
where the information bits by(m), k=1,2,...,K, m=1,2,..., M, are assumed

to be independent identically distributed (i.i.d.) with equally probable outcomes
and n,, is a 0-mean complex white Gaussian random vector with autocovariance
matrix o2I. Then, the scalars Pm, m =12 ... M, are iid. with common
distribution fp(x) given by

(24)

2% K () H 2
_ —{x - Zkzl \/E_kRe[bk w, (M)si]} }
T ;exp{ 202 W, (M) ’

where b,(f) ,i=1,2,...,2K isthe bit of user k in the ith bit-combination.

Conditioned on the transmitted information bit of the user of interest, user 1,
the pdf of the filter output is a mixture of 28 ~1 Gaussian distributions. However,
for “effective” interference suppressive filters we can safely approximate
the conditional output distribution by a Gaussian distribution as argued
in [41] for MMSE-MVDR linear filtering. Under this approximation, the
filter output conditional distributions given that +1 or —1 is transmitted
are fi, NN[u(n),oIZJrN(n)] and fo, ~N[—u(n),a,2+N(n)], respectively, where
u(n) = VETRe[W! (M)s1] and o2, (1) = YK, £y Re[W! (M)sy 12 + o2 W, (M)|2
is the conditional variance due to multiple access interference and additive
white Gaussian noise (AWGN) (the index “I+N” denotes comprehensively
the disturbance contribution). The effect of the above approximation on the
performance of the output J-divergence selection rule will be examined in
Section 5.

The J-divergence distance J(f1.,, fo.n) between the distributions fi ,(-) and
fo.n(-) is defined as the sum of the Kullback-Leibler (K-L) distances between

4While the signal model in (14) is real-valued, we choose to carry out this presentation in the
more general context of complex input vectors and filters.
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fl,n and fO,n

J(fl,nv fO,n) é D(fl,na fO,n) + D(fO,ns fl,n)v (25)

where the K-L distance of f1 , from fy , is defined by D(f1.,, fo.n) = ffooo SLa(x)
log(f1.n(x)/ fon(x))dx [42]. Since J(f1,, fo.) is a function of the AV filter-
estimator parameter n (number of auxiliary vectors), in the rest of this paper
we will use the notation J(n) to represent the J-divergence distance between
fin(x) and fo,(x). For the Gaussian approximated pdf’s f1, and fy ,, we have
D(f1n. fon) = D(fon. fin) = [2(m)1%/202,  (n) and the J-divergence simplifies
to

(26)

Expression (26) justifies our choice of the output J-divergence as one of the
underlying rules for the selection of the best AV filter estimator. We recall that
under the same Gaussian approximation of the conditional filter-output pdf’s
the filter output signal-to-interference-plus-noise-ratio (SINR) can be expressed
as J(n)/4 and, consequently, the bit-error-rate (BER) as Q(./J(n)/2), where
0(x) 2 fxoo 1/v/27 exp(—u?/2)du. To this extent, maximization of the output J-
divergence in (26) implies minimization of the BER. Therefore, we propose to
select the estimator from the generated sequence of AV filter estimators that
exhibits maximum estimated J-divergence.

(1) Supervised output J-divergence rule. Exploiting the symmetry of f1 ,,(-)
and fp ,(-), we can show in a straightforward manner that
4E2{by Re[W! (M
Jn) = {b1 Re[w,” (M)r]} @7)
Var{b; Re[wW! (M)r]}
A El Re[W! (M)r]|by =i} Pr(by =i)]?
Y44 Var{Re[WH (M)r]|by =i} Pr(by =i) '
where Var{-} and Pr{-} denote variance and probability, respectively. Assuming
availability of a pilot information bit sequence {bl(m)}m 1> We propose to
estimate J(n) by estimating statistical expectations and probabilities via
sample averaging and frequencies of occurrence, respectively. We note that
although (27) and (28) are ideally equivalent (when all statistical quantities are
known), this is not the case in general when estimated measures are considered.
So, let {pr,p;,pg,...,p;&l} 2 (Re[WH (M)ry]:b1(m) = +1, m = 1,2.3..., M)

and {py,py.p;3, . 1= {Re wH(M)ry,l:b1(m) = -1, m=1,2,8,..., M} be
the sets of all filter outputs under b1(m) = +1 and b1(m) = —1, respectively
(M1, Mg # 0 and My + Ms = M). First, it can be shown in a straightforward
manner that the estimator of the numerator of (28) (that is, the weighted
average of the sample average mean of the set {p, }ml1 and the sample

(28)

average mean of the set { pm}mi , weighted by the frequency of each set) is

equivalent to the estimator of the numerator of (27) 44%(n) where fi(n) £

Zﬁl/[:{m b1(m)ppm /(M1 + Ms) (in fact, ji(n) is the minimum variance unbiased

estimator of . (n) [43, p. 178]).
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Estimators of the denominator of (27) and (28) are examined in the following
proposition. The proof is included in the Appendix.

PROPOSITION 3. Consider the estimator of 012+N(n), which is the weighted
average of the sample average variance of the set {p} My
average variance of the set {p,, My

m=1’
each set

me1, and the sample
weighted by the frequency of occurrence of

R M
02+(n) + Tz
M1+ Mo

M,

AQ—
7M1 v " (n), (29)

&1 (n) =

where

A 1 Ml 1 Ml

PN + _ a2 At 2 +

SO Zl<pm MO MORS 7 lem,
m= m=

Al &
62—(n>=EZ<p;;—ﬂ—(n>)2, A =—=>" py

m:l rn:]_

and { p,j,’}fjil, { p,;}f:il, M1, and My are as defined previously. Consider also the

direct sample average estimator of 012 v (1),

M1+Ms

1
> b1 pm — A1, (30)
m=1

T Mi+ M

where p,, is given by (23). The estimators &12 (n) and 822(;1) exhibit the following
properties: (i) They are both biased and (ii) 822 (n) exhibits smaller MSE from the
true value than 612 n).

Utilizing Proposition 3, estimators for the filter-output J-divergence become
readily available. The following theorem identifies their relative merits. The
proof is included in the Appendix.

THEOREM 2. Define the two supervised estimators of the output J-divergence
Js1(n) 2 4p2(n)/62(n) and Jsa(n) = 402(n)/62(n), where the subscript “S”
identifies a supervised implementation. Then, for a given information bit pilot
sequence of size M = M1 + My, where My and Mg are the cardinalities of the sets
{b1(m) = +1} and {b1(m) = —1}, respectively, both estimators are biased while the
MSE of fs,g(n) is less than the MSE of JAS,l(n); le.,

. 4 2 2 . 4 2 2
E{[Js,zm)—“—(”)] }<E{{Js,1(n)— i (”)} } (31)

012+N (n) ‘712+N (n)

where 4u2(n)/012+N (n) is the true value of J(n) as given by (26).

Using the preferred estimator Jg (), the supervised implementation of the
output J-divergence AV filter estimator selection rule takes the final form given
by the following criterion.
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CRITERION 2. For a given information bit pilot sequence of size M, the
supervised J-divergence AV filter estimator selection rule chooses the estimator
Wy, (M) with ng auxiliary vectors where

ng = argmr?.x{fs,z(n)}

4[5 M b1(m) Re[WH (M)r,,112
=argmax{ ——y; — — 5 ( (32)
no UL M [b1(m) Re[WH (M)ry] — ()]

(2) Unsupervised (blind) output J-divergence rule. The blind implementa-
tion of the rule is obtained by substituting the information bit b1 in (27) by the
detected bit by = sgn[Re[w (M)r]] (output of the sign detector that follows the
linear filter). In particular, using b1 in place of b1 in (27) we obtain the following
J-divergence expression

4E%{by Re[W! (M)r]}  AE%{|Re[W! (M)r]|}
Var({b; Re[w# (M)r]}  Var{|Re[wW/ (M)r]|}’

Jp(n) = (33)

where the subscript “B” identifies the blind version of the J-divergence function.
The following proposition provides the conditions under which Jp(n) is nearly
equal to J(n). The proof is included in the Appendix.

PROPOSITION 4. If u(n)/(or+n(n)) > 1, i.e., the filter output SINR is signifi-
cantly higher than 0 dB, then Jg(n) ~ J(n).

To estimate Jg (n) from a data record of finite size, we substitute the statistical
expectations in (33) by sample averages. The following criterion summarizes the
corresponding AV filter estimator selection rule.

CRITERION 3. For a given data record of size M, the unsupervised (blind) J-
divergence AV filter estimator selection rule chooses the estimator Wy, (M) with
ng auxiliary vectors where

ng = argmax{fg(n)}

A[L M | Re[WH (M)ry,]12
=argmax{ T — =] — } (34)
o L LS I Re[WH (M), 112 — [ Y01 | Re[WH (M)r,,]/12

5. SIMULATION STUDIES
—

We examine the performance of the proposed short data record AV filter
estimator selection rules for a DS-CDMA system with K users, spreading
gain L, and multipath fading reception by a narrowband antenna array with N
elements. All elements experience identical fading. Let J denote the number of
chip interval spaced paths per baseband user signal. After conventional carrier
demodulation, chip-matched filtering, and sampling at the chip rate over a
multipath extended symbol interval of L 4+ J — 1 chips, the L 4+ J — 1 data samples
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from the ith antenna element, i = 1,2,..., N, are organized in the form of a
vector r) given by

K J
v =" et/ Exbr(m)si., + b (m)sg, + b (m)syf Day,[i1+ 0y,
k=11t=1
m=1,....,.M,i=1,...,N. (35)

In (35), with respect to the kth user signal, Ej is the transmitted energy, by (m),
b; (m), and b,j (m) are the present, the previous, and the following transmitted
bits, respectively, and cx; is the coefficient of the rth path of the kth user
signal. The channel coefficients are modeled as independent zero-mean complex
Gaussian random variables that are assumed to remain constant over the filter
adaptation data record of size M. s;, represents the (J — 1)-zero-padded and
(t — 1)-right-shifted version of the signature of the kth user s;; i 18 the 0-
filled, L-left-shifted version of s ;; and s,': , is the O-filled, L-right-shifted version
of si ;. Finally, n,(,? represents additive complex white Gaussian noise and ag ,[i]
denotes the ith coordinate of the array response vector a;; that corresponds to
the rth path of the kth user signal

=1,...,N, (36)

in6
ax il = exp{j2n(i -1 Slnkk’tq }, i

where 6, ; is the angle of arrival, A is the carrier wavelength, and ¢ is the inter-

element spacing (in our studies we set ¢ 2 /2).
We vectorize the (L + J — 1) x N space-time received data matrix [r,(nl) ,
r,(ﬂz), r,(nN )] to form the joint space-time data vector r,,, which is a (L + J

— 1)N-long column vector:

(N)

r,, = Vec{ [r(V m ](L+J—l)><N}'

m >

r? r (37)

The joint space-time RAKE filter for user 1 is v; 2 Ep {rmb1(m)} = Vec{[vy 1,
V12, ..., Vi.n]} (Ep{-} denotes statistical expectation with respect to b1(m)),
and vi; = Y, c1,81,a1,0il, i =1,2...., N. The MMSE-MVDR filter is built
with constraint vector v = vy, desired response w”v; = 1, and autocorrelation
matrix R = E{r,r}.

We choose K =20, N =5, J = 3 paths with independent zero-mean complex
Gaussian fading coefficients of variance one (i.e., E{|c;|?} = 1) and Gold
signatures with processing gain L = 31. The total SNR’s (over the three paths)
of the 19 interferers are set at SNRy ¢ =6 dB, SNR7_g =7 dB, SNRg_13 =8 dB,
SNR14-15 =9 dB, and SNR1g_99 = 10 dB. The space-time product (filter length)
equals (L +J — 1)N = (31 + 2)5 = 165. All experimental results that follow are
averages over 100 different channel realizations and 10 independent data record
generations per channel.

We first examine the performance of the AV filter estimator selection rules
under the assumption that no info-bit pilot sequence is available. The data
record size is set equal to M = 230 while the total SNR of the user of interest
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FIG. 9. Histogram of the two differences 1, — nq, and ng — n, where n, is the CV-MOV choice
and nj is the blind J-divergence choice (M = 230, SNR, = 8 dB).

is set at SNR; = 8 dB. In Fig. 9, we plot the empirical pdf of the differences
(n1 — nopt) and (ng — nept) where ny and ng denote selections according to
Criteria 1 and 3, respectively, while nqpt denotes the “genie” maximum SINR
optimum choice of the number of auxiliary vectors. We observe that both criteria
provide a reliable estimate of the genie-assisted optimum number of auxiliary
vectors.

The overall short data record adaptive filter performance is examined in
Figs. 10 and 11. In Fig. 10, we plot the BER? of the AV filter estimators
Wy, (M) and W,;(M) as a function of the SNR of the user of interest for data
records of size M = 230. The BER curve of the genie-assisted maximum SINR
optimum filter choice W, (M) as well as the corresponding curves of the ideal
MMSE-MVDR filter wysemvpr, the SMI filter estimator Woo (M), the S-T
RAKE matched filter (MF) wo(M) = vy, and the multistage filter [9, 10] with the
preferred number of stages® [ = 7 are also included for comparison purposes.
We observe that both w,,, (M) and w,, (M) are very close to the genie optimum
AV filter estimator choice and outperform significantly the SMI filter estimator,
the multistage filter estimator, and the matched filter. We also observe that for
moderate to high SNRs of the user of interest, the J-divergence selection rule is
slightly superior to the CV-MOV selection rule. The opposite is true in the low
SNR range. This is explained by the fact that the J-divergence approximation

5The BER of each filter under consideration is approximated by Q (+/SINR,, ) [41], since the
computational complexity of the BER expression for this antenna array CDMA system prohibits
exact analytic evaluation.

61n [44], it is argued that / = 7 (D = 8 in the notation of [44]) stages are “nearly optimal over a
wide range of loads and SNRs.”
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FIG. 11. BER versus data record size (SNR; =8 dB).

J(n) ~ Jg(n) used in Proposition 4 is less accurate for low filter output SINR
values. On the other hand, for high filter output SINRs the discrimination
capability of the CV-MOV rule is not as sharp.

Finally, Fig. 11 repeats the study of Fig. 10 as a function of the data record
size. The SNR of the user of interest is fixed at 8 dB.
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6. CONCLUDING REMARKS
—

In this article we relied strictly on statistical conditional optimization
principles to derive an iterative algorithm that starts from the white-noise
matched filter and converges to the MMSE-MVDR filter solution for any given
positive definite input autocorrelation matrix. The conceptual simplicity of
the employed conditional optimization criteria led to a computationally simple
iteration step. We analyzed basic algorithmic properties and we established
formal convergence to the MMSE-MVDR filter.

When the input autocorrelation matrix is substituted by a sample-average
(positive definite) estimate, the algorithm generates a sequence of filter
estimators that converges to the familiar sample matrix inversion unbiased
estimator. The bias of the generated estimator sequence decreases rapidly to
zero while the estimator covariance trace increases slowly from zero (for the
initial, fixed-valued, matched-filter estimator) to the asymptotic covariance
trace of SMI. Sequences of practical estimators that offer such exceptional
control over favorable bias—covariance balance points are always a prime
objective in the estimation theory literature. Indeed, for finite data record sets,
members of the generated sequence of estimators were seen to outperform in
MS estimation error LMS and RLS types, SMI and diagonally loaded SMI,
and orthogonal multistage decomposition filter estimators. In addition, the
troublesome, data-dependent tuning of the real-valued LMS learning gain
parameter, the RLS initialization parameter, or the SMI diagonal loading
parameter is replaced by an integer choice among the first several members
of the estimator sequence. Two data-driven criteria were proposed for the
identification of the best AV filter estimator in the sequence. The first
criterion calls for the minimization of the cross-validated filter-estimator
output variance. The second criterion calls for the maximization of the J-
divergence of the filter-estimator output-conditional distributions. Simulation
studies examined and compared the operational characteristics of the proposed
selection methods. With respect to the relative merits of the minimum cross-
validated output variance and the maximum output J-divergence selection
rules, we observed that for moderate to high output SINRs the latter method
appears superior to the former (for high SINRs the cross-validated minimum
output variance rule is not as sharp in discrimination ability). In contrast, in
low output SINR the J-divergence method is somewhat lacking in performance
(technically, the approximation in Proposition 4 is less accurate for near 0 dB or
lower output SINR values). As a final general comment, the use of a sufficiently
long antenna array in combination with an “effective” interference suppressive
filter can result in high output SINR which favors the J-divergence selection
rule, even when the ¢ransmitted energy of the user of interest is much lower
than that of the interferers.

The auxiliary-vector algorithm in Fig. 2 together with Criteria 1, 2, and 3
form a complete toolbox for state-of-the-art estimation of MMSE-MVDR filters.
The developments are of particular interest in high-dimensional adaptive signal
processing applications that rely on data records of limited size.
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APPENDIX
—

Signature Assignment for the DS-CDMA Example of Sections 3 and 4

The matrix Sso.13 = [81 S2 --- S13] with columns the signature vectors
$1, 89, ..., 813 is given below.

-1 +1 -1 -1 -1 -1 +1 -1 -1 +1 41 -1 +17
-1 -1 -1 -1 +1 +1 +1 -1 -1 +1 -1 -1 +1
+ -1 41 41 -1 41 -1 -1 41 41 -1 -1 +1
+ -1 +1 +1 -1 +1 +1 +1 +1 +1 -1 +1 +1
+ +1 +1 +1 -1 -1 +1 -1 +1 -1 -1 -1 +1
-1 +1 +1 41 41 41 -1 -1 -1 41 -1 -1 -1
+ -1 -1 -1 -1 -1 +1 +1 -1 41 -1 -1 -1
+ -1 41 -1 -1 -1 +1 -1 +1 -1 -1 -1 +1
+ -1 +1 41 41 -1 +1 -1 -1 -1 -1 -1 -1
+ -1 +41 -1 -1 -1 +1 +1 -1 -1 -1 -1 +1
-1 +1 -1 +1 -1 +1 +1 +1 -1 -1 +1 -1 -1
-1 +41 41 +1 41 -1 -1 +1 -1 +1 +1 +1 +1
-1 -1 -1 -1 -1 -1 -1 41 -1 -1 +1 +1 +1
+ -1 -1 +1 +1 -1 +1 +1 +1 +1 -1 +1 -1
-1 -1 -1 -1 -1 -1 +41 -1 -1 -1 41 +1 +1

-1 41 -1 41 -1 41 -1 +1 +1 -1 +1 +1 +1 (A1)

-1 -1 -1 -1 +1 41 -1 41 -1 +1 +1 +1/|° ’

+ +1 -1 -1 -1 -1 +1 -1 -1 -1 -1 -1 +1

+ -1 -1 +1 -1 +1 +1 +1 +1 +1 -1 -1 +1

+1 +1 +1 +1 -1 41 -1 +1 -1 +1 -1 41 +1

-1 +1 -1 +1 41 -1 +1 -1 +1 +1 +1 -1 -1

+1 41 -1 -1 -1 -1 41 -1 41 +1 -1 +1 +1

+1 +1 -1 41 +1 +1 -1 +1 +1 +1 -1 +1 +1

-1 -1 +1 41 41 41 -1 -1 -1 41 +1 -1 +1

-1 +1 -1 +1 41 -1 +1 -1 -1 +1 -1 +1 +1

+1 +1 +1 41 +1 -1 -1 +1 +1 +1 -1 +1 -1

%"—‘
[\

|

—

Proof of Proposition 3. The quantities (1/M7) ZZI;(P;; — at(n)? and
(1/Ms) Z::]i 1 (P — L~ (n))? are the ML estimators for the variance of the
filter output conditioned on b; = +1 and b; = —1, respectively [43, p. 179].
Both estimators are biased. (In fact, their unbiased counterparts that have
multiplying factors 1/(M;—1) and 1/(Ms — 1) instead of 1/M; and 1/My,
respectively, exhibit higher MSE.) The MSEs of the estimators of interest 812 (n)
and 622 (n) are as follows:

MSE;2,, = E{(67 () — o7 (m)"}

. { { ( Suts (P = AT 0)? Mla,z+N<n))
B My + Moy M1+ Mo
. (Zf‘fil(p,; —Amm)? Mza,aN(n))r}
My + Mg M1+ My
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_ @M - Doty @My — Dot y(n) 207, ()

(M1 + Mg)? (M1 + Mg)? (M1 + Mg)?
_ 2C’;LJFN(”) (A.2)
My + Mo
and
_ pp(a2 5 2, [2(M1 + My) — 1o}, ()
MSE;z,, = E{(65 () — of y(m) "} = TASTAE . A3
Thus,
MSE., - MSE., — i m (Ad)
&2(n) 62m) = (M1 + My)2 > 0. .

Proof of Theorem 2. [t (n) and 6%t (n) are independent random variables
with distributions A*(n) ~ N(u(n),02 y(m)/My) and (My/o?, )% (n) ~
X/%41—1 [45] (x 1%11_1 denotes the chi-square distribution with (M7 — 1) degrees of
freedom). Similarly, /i~ (n) and 62~ (n) are independent random variables with
distributions 2~ (n) ~ N (—u(n), 02, y (n)/Mg) and (Mz/o?, \(n)62~ (n) ~ xfﬁ_l-
Furthermore, (it (n), 5%t (n)) and (4~ (n), 62~ (n)) are mutually independent be-
cause (2T (n), 62T (n)) and (2~ (n), 6% (n)) are evaluated from two independent
training sets.

Since f(n) = (My/M)ia*(n) — (M2/M)ji~(n) and 512(11) = (M1/M)6%+(n) +
(My/M)62~ (n), fi(n) and &12 (n) are independent random variables with distri-
butions (n) ~ N (u(n),0f, y(n)/M) and (M/o?, \())6E(n) ~ x3_o Where M =
M1 + My is the size of the given information bit pilot sequence. Therefore,

M
of y(m) (M —4)

n . 1 o2 (n)
E{Js,l(n)}=4E{M2(n)}E{812(n)}24[ ’j} +u2(n)]

_ 4;1,2(71) M n 4
012+N(n)M—4 M—-4

(A.5)

6u?(mof, () 3ot ()
M M2

2 1
2 :1 N4 =1 4
E{7Za} =165 () B s k=16t +
M?

X — . (A.6)
of y (M — 4)(M — 6)

The inverse moments E{l/&lz(n)} and E{l/&f(n)} exist for M > 4 and M > 6,
respectively, and are given by [46]

1 M
E = , (A.7)
{ 62 (n) } of y ()M —4)

1 M2
{ v } =— . (A.8)
og(n) oy M —4)(M —6)
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Thus, the MSE of fs,l(n) is

. 42(n) 12 16 16 1614 (n)

MSE éE{{J —7] }: - b ,

1 5,1(n) o2 M-8 M_4 +o;1+N(n)
(A.9)

where
Y 6u2(n)o?, y(n) N 3ot v M2 nd
M M? U;L+N (n)
, , (A.10)
o N (M)

On the other hand, 4(n) and 822(;1) are independent random variables
with distributions (n) ~ N'(u(n), 0%, y(n)/M) and (M/oZ_\(n)62(n) ~ x%_4,
respectively. Therefore,

. o2, .(n) M
£t _ 4™ o ]—
{s.2(m) [ R oy
4u2n) M 4
- ) A.11
‘712+N(”)M_3+M_3 ( :

2 2 4
E{J?,z(n)} —16 {Nfl(rz) N 6u”(n)af, y(n) 3"1+N(”)]

M M2
2
x— M . (A.12)
ot () (M —3)(M — 5)
Thus, the MSE of fs_g(n) is
2 2
MSE2 é E{ [fsz(l’l) — 42'u (n) :| }
o7 yn (1)
16 16 164 (n)
= - b , A.13
M—8M 5" M=3 " ot (419

where the first and second inverse moments E{1/ 622 (n)} and E{1/ 85* (n)} exist for
M > 3 and M > 5, respectively, and a and b are given by (A.10).

From (A.9) and (A.13), assuming M > 6 which is the condition for all inverse
moments to exist, we obtain

16a 16a b b
MSE, — MSE, = M—HM—6 M-8 M—5 " M—-3 M_4a
B 16 oM —9 ,
T M —3)M—4 {(M—5)<M—6)“_ }
16 { %M — 5) }
> a—>b
(M —-3)(M —4) |[(M—5)(M —6)

_ 32[6Mut(n) + 5MpP (o} y (n) + 6P (Mo}, (n) + 30, ()]
(M —3)(M — 4)(M — 6)a}t_\(n)
> 0. (A.14)
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Proof of Proposition 4. Define Y = |Re[wH (M)r]|. The pdf of Y is

—(y — p(n))? —(y + pnm)*
fr(y)= [exP + exp 7]U( ), (A.15)
T o L 207y 22y |
where U (y) is the unit step function. The mean of Y is
204N (n) 12 (n) )
{r} /yfy(y) y=pu(n)+ N eXP( 20[2+N

—oumo( 4™ ) (A.16)

or+n(n)

The series expansion of Q(x) is [47]

0= — (—"2>{1—1+1'3+
x_mxexp 5 St
+(—1)nl'3'~(2n—1)}

x2n

+ Ry, (A.17)

where R, = (-1)"*11.3...(2n + 1)f Wexp(—tzﬂ) dt is the remainder
which is always less (in absolute value) than the first neglected term. If
un)/orn(m) > 1, (A.16) can be written as

2074n(n) ( ) )
E{Y)= 14+ =7 =\
{r} N«("){ + () exp 2012+N(”)

_ 2o0en() < 12 (n) ){ K () )‘ZH}
exp| ———— | |1-0 || ———
- ) 207, y(n) oren(n)

e ol () 1)
= 14+ — - 0
M(n){ + 2 exp< 2012+N(n) or+Nm)

~ (). (A.18)

The variance of Y is
Var{Y} = E{Y?} — E2(Y} = i2(n) + 02, y(n) — E{Y} (A.19)
and using (A.18) we may approximate
Var({Y} ~ o2,y (n). (A.20)
Finally, from (A.18) and (A.20) we obtain

4E%y 4
Jaoy = 2B 2"“(") = J(n). (A.21)
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