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ABSTRACT

The Welch lower bound on the total-squared-
correlation (TSC) of signature sets is known to be tight
for real-valued signatures and loose for binary signatures
whose number is not a multiple of 4. In this paper, we
derive new bounds on the TSC of binary signature sets
for any number of signatures K and any signature length
L. For dmost dl K, L in {1,2,...,200}, we develop
simple agorithms for the design of optimum binary
signature sets that achieve the new bound.

Index Terms - Binary sequences, code division multi-
access, codes, signal design.

. INTRODUCTION

In direct-sequence code-division-multiple-access (DS
CDMA) systems, multiple users are assigned individual
binary antipodal signatures (spreading codes) to access a
common, in time and frequency, communication channel.
In conjunction with channel and receiver design specifics,
the overall system performance is determined by the se-
lection of the user signature set. Since each user sig-
nal acts as interference for the signals of the other users,
an appropriately selected/designed user signature set con-
tains signatures with low pairwise cross-correlation.

A fundamental measure of the cross-correlation prop-
erties of a signature set is the total-squared-correlation
(TSC)2If S = {s1,s2,...,8K},s; € CE |si]| = 1,
i = 1,2,... K, is aset of K normalized (complex-
valued in general) user signatures of length (processing
gain) L, then the TSC of set S is the sum of the squared
magnitudes of all inner products between signatures[2]:

A KK 2
TSC(S) =) > [st'sy| " (D)
i=1 j=1

In[3], Welch showed that

K2
>

TSC(S) > T

2
and this lower bound was named [2] the “Welch bound”
on the TSC of signature sets.

In [4], it is proven that if K > L, then there a-
way's exists a real-valued signature set that yields equal-
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ity in the Welch bound.? Such optimum sets are called
Welch-bound-equality (WBE) signature sets [2]. An it-
erative algorithm that converges -under appropriate ini-
tial conditions- to a real-valued WBE signature set is
developed in [5]. WBE-optimum sets possess severa
important properties: (i) The cross-correlation metric
TSC(S) is minimized and in this sense the multiple-
access-interference (MAI) effects are minimized, (ii) the
sum-capacity of the DS-CDMA channel is maximized
[1], and (iii) the sum of transmitted energies required to
surpass a pre-specified signal-to-interference-plus-noise-
ratio (SINR) level at the receiver output is minimized [4].

Whilefor real/complex-valued signature setsthe Welch
bound (X2 for K > L and K for K < L) is aways
achievable, thisis not the case for binary antipodal sig-
nature sets. In [2], it is stated that if K’ > L the Welch
bound KT2 is achieved with binary antipodal signatures
only if K = 0 (mod 4) or K = 1 or 2. For the case of
K < L, the lower bound K is achieved only if L = 0
(mod 4) or L = 1 or 2. Optimum binary antipodal signa-
ture sets are constructed in [2] when the number of users
isapower of 2 and equals or exceeds the system process-
inggain (K =2" > L,n < L).

In this work, we derive new bounds on the TSC of bi-
nary antipodal signature setsfor all possible combinations
of the values of K (number of users) and L (processing
gain). In addition, for amost al K, L € {1,2,...,200}
we develop simple algorithms for the design of opti-
mum binary antipodal signature sets that achieve the new
bounds. Our algorithmic exceptionsare: (i) 187 < K <
190and K > L, (i) 187 < L < 190 and K < L, (iii)
L =K =1(mod4), (ivyL =K = 2 (mod 4), (v)
L+1=K=2(mod4),and(Vi) K +1 =L =2
(mod 4). The design procedure constitutes a construc-
tive proof of the tightness of the new bounds for al
K,L €{1,2,...,200} that do not fall under exceptions
(i)-(vi).

The rest of this paper is organized as follows. In Sec-
tion I, we derive the new TSC bounds for binary antipo-
dal signature sets. In Section 11, we present the algo-
rithms for the design of TSC-optimum binary antipodal
signature sets. Some concluding comments and examples
aregivenin Section V.

2|f K < L the Welch bound KT2 becomes loose and atighter bound
exists: TSC(S) > K. In that case, the bound value K can be trividly
achieved by any orthonormal set of K real/complex-valued signatures
of length L.



I1. NEW BOUNDSON THE TSC OF BINARY
ANTIPODAL SIGNATURE SETS

We consider a binary antipodal signature set S =

{s1,82,...,s8Kx} with K normalized signatures s; €
L
{i%} ,i=1,2,...,K, where L is the CDMA sys-

tem processing gain. Next, we derive new bounds on the
TSC of the user signature set S for both “underloaded”
(K < L) and“overloaded” (K > L) systems.

A. Underloaded system (K < L)
The total-squared-correlation of S is

=S5 (5Ts) = K41 Y (sTsy)”

i=1 j=1 =1 j=1,j#i

The second, double-summation term is the total-squared-
correlation between different users in S. To obtain a
bound on this term we need the following theorem. The
proof is omitted due to lack of space.

Theorem1: (On the Cross-Correlation Properties of
Binary Antipodal Signature Sets)
LetS = {si}fi , beabinary antipodal signature set where
sie{xAsi=1,2,... K, K <L,andA e C—{0}.
(i) If sHs; # 0, then

2 _
s 2{2 A, L =0 (mod2)

1<i1.7< K. (4
IA’, L=1 (mod2)’ "7 = “)

(if) Consider the set C' of all non-ordered pairs of signa-
tures {s;, s;}, ¢ # j, with non-zero cross-correlation:

A oy
.8k })={{si,s;}: i£j andss;#0}. (5)
If |C'| denotesthe cardinality of set C, then

C({s1,s2,. ..

(0, L=0 (mod 4)
w ,L=2 (mod 4)
and K'=0 (mod 2)

|C({s1,s2,-.. ;s })|[>] &1 1) =2 (mod 4) (6)
and K=1 (mod 2)
EELD =1 (mod 2). O

We consider the even and odd cases for the processing
gain L separately. If L is an even number (L = 0 (mod
2)), by direct application of Theorem 1, Part (i) we obtain

_2>2

TSC(8) 2 K +2|C ({s1,52, .. ,sx})| (2

—K+—|C({sl,52,...,sK})|. (7)
Then, Theorem 1, Part (ii) gives
K, L =0 (mod 4)
K+2KE22) 1 =2 (mod 4)
TSC(S)> and K =0 (mod2) (8)
K+2 (5-1)°, L =2 (mod 4)

and K =1 (mod 2).

TABLE |
UNDERLOADED DS-CDMA SYSTEM
. . Lower Bound
Processing Gain | Number of Users onTSC
L =0 (mod 4) Any K K
K=0(mod2) | K +25E 2
L =2 (mod 4) .
— K-—1
K=1(mod2) | K +2 (&)
— K(K—1
L =1(mod?2) Any K K+7(L2 )

If Lisodd (L = 1 (mod 2)), then from Theorem 1, Part
(i) we obtain
2> 2

TSC(S) > K +2|C ({s1,s2,... ,8k})| ( —=

—K—l— |C({sl,52,... ,SK )| 9
and from Theorem 1, Part (ii)
TSC(S) > K + Kx-1 L=1 (mod2). (10)

2

Expressions (8) and (10) define the new bounds on
thetotal-squared-correlation of binary antipodal signature
sets for underloaded (K < L) CDMA systems. Notice
that if the processing gain L is hot amultiple of 4 (that is
L # 0 (mod 4)), the new bounds that we obtained here
are tighter than the familiar bound TSC(S) > K for real-
valued signature sets.® Expressions (8) and (10) can also
be seen as a proof that when the number of usersis more
than two and the signature length is not amultiple of 4, no
orthogonal binary antipodal signature set exists. The new
bounds of (8) and (10) for underloaded CDMA systems
are summarized in Tablel.

In Section |11, we develop a simple procedure for the
design of optimum binary antipodal signature sets that
achieve the new bounds for all values of the number of
users K and the processing gain L in {1,2,...,200} for
an underloaded system (K < L), except for K, L values
that fall under cases (ii), (iii), (iv), and (vi) identified in
the Introduction.

B. Overloaded system (K > L)
The total-squared-correlation of S can be written as

K K )
):ZZ (siTsj) (11)

i=1j=1

K K /L L
:ZZ(Z Si(l)Sj(l)) (Z si(m)sj(m)>

i=1j=1 \I

S (o) (Somen)

I=1m=1 j=1

3Except for the trivial cases . = 1 and I = 2 where the bound is
still TSC(S) > K (and, in addition, istight).



Let D denote the transpose of the signature matrix
[s1,82,...,8K]:

Dé[slas%"' ,SK]T' (12)
Thel-th column of D isd; = [s1(1),s2(0),... ,sx(1)]"

c {i%}K Note that

d;(i)= si(l)e{i%}, i=1,...,K, I=1,... L. (13)
Then,
L L K
TSC(S) = Z Z (Z dl(i)dm(ib(z dl (J)dm(])>
[=1 m=1 \i=1 j=1
L L
=>_ > (d7dy) (d] dn)

We treat the K even and K odd cases separately. First,
consider the K even case (K = 0 (mod 2)). Recall that

K
LgKanddle{i— } L 1=1,2, ..
1, Part (i) we obtain

1
Tr ., L. By Theorem

K? P
TSC(8)>——+2|C ({d1, da, .. ,dL})| 2‘\/5
K?> 8
=7+ 10 ({di,do,.,di})]- (19
Then, by Theorem 1, Part (ii)
2 K K=0 (mod 4)
£ 42L22 0 K=2 (mod4)

and L=0 (mod2) (16)
K 49 (L21)? ) K=2 (mod 4)
and L=1 (mod 2).

Next, we consider the K odd case (K = 1 (mod 2)).
From Theorem 1, Part (i)

2 2\ 2
Tsc<8>2K7+2|0<{d1,d2,...,dL}>|(% )
2
- %+%|C({d1,d2,... ,dL})| (17)

and from Theorem 1, Part (ii) we conclude

K> L-1
TSC(S) 2 — + ——,

T T K =1 (mod2). (18)

TABLE I
OVERLOADED DS-CDMA SYSTEM
. . Lower Bound
Number of Users | Processing Gain onTSC
K =0 (mod 4) Any L K2
L=0(mod2) | 5 42472
K =2 (mod 4) . .
L=1(mod2) | &= +2(&)
K =1 (mod2) Any L 4L

Expressions (16) and (18) define the new bounds on
the total -squared-correl ation of binary antipodal signature
sets for overloaded (K > L) CDMA systems. When the
number of users K isnot amultipleof 4 (K # 0 (mod 4)),
the new boundsfor binary antipodal signature sets that we
obtained are tighter than the Welch bound TSC(S) > KT2
for real-valued signature sets.* The new bounds of (16)
and (18) for overloaded CDMA systems are summarized
in Tablell.

Aswith the underloaded system case, in Section |11 we
develop aprocedurefor the design of optimum binary an-
tipodal signature sets that achieve the new bounds for al
valuesof K and Lin {1,2,...,200} for overloaded sys-
tems (K > L), except for K, L values that fall under
cases (i), (iii), (iv), and (v) identified in the Introduction.

[11. DESIGN OF MINIMUM-TSC BINARY
ANTIPODAL SIGNATURE SETS

In this section we concentrate on the design of bi-
nary antipodal signature sets that achieve the new bounds
derived in Section Il (TSC-optimum binary signature
sets). We begin with a definition and a proposition where
we identify a sufficient condition under which the new
bounds of Tables| and Il become tight.

Definition 1: A Hadamard matrix of size N isan NV x
N matrix A with elements the real numbers +1, —1 and
mutually orthogonal columns: ATA = NIy n. O

Proposition 1: (Tightness Conditions for the TSC

Bounds) Set N £ 4 L%J If N > min {K, L}
and there exists a Hadamard matrix of size IV, then there
exists a binary antipodal signature set S = {si}fil , S

L
€ {i%} ,i=1,2, ..., K, that achieves equality in

the corresponding TSC bound given by Tablel or 1I. O

Below is a proof-by-construction of Proposition 1 that
presents simple methods for the design of signature sets
that achieve the lower bound on TSC under the condi-
tions of the proposition. Asin the previous section, the
analysis and the devel opments are broken into two parts,
one for underloaded (K < L) and one for overloaded

4Except for the trivial cases K = 1 and K = 2 where the bound is
still TSC(S) > KT2 (and, in addition, istight).



(K > L) systems. Each part is further itemized accord-
ing to the exact relationship between max {K, L} and

N N 4 [max{[jL}+1Jl

A. Underloaded system (K < L)

For K < L,wehave N = 4|LH | and N > K. By
inspection, we observe that L takes one of the following
fourvalues L= N -1, L=N,L=N+1,0orL =
N +2. Therefore, we need to design an optimum signature
set (that is a set that achieves the corresponding bound on
TSC) for al four of the above cases. We treat each case
separately.

Let Hy beaHadamard matrix of size N. Since K < N,
we choose K arbitrary columns hy, hs, ... ' hg of Hy,
h; € {il}N, 1=1,2,...,K,andwedefinethe N x K
matrix H £ [hy, hy, ... , hg]. Recal that hTh; = 0 for
ayi=1,2,...,K,j=1,2,... ,K,andi # j.

1) L=N -1 Removeonearbitrary row from H to
obtainthe L x K matrix H = [ﬁl,BQ,... ,hx|. Then,

ﬁfﬁj‘ = 1foranyi # j. Wedesignthe L x K signature
matrix as follows:

1
,SK| = ﬁ
Thesignature set S = {s1,ss,... ,sk} conssts of nor-

malized signatures (||s;|| =1, i=1,2,...,K) and &f-
ter straightforward calcul ations

[Sl, S2,... I:I (19)

(20)

Hence, TSC(S) is equal to the new bound in Table | for
L=N-1=1(mod?2). We conclude that our binary
signature set design in (19) is TSC-optimum.

2)L=N Wedesign® the L x K signature matrix
directly from H:

1
aSK]—ﬁ

The signature set S = {s1, s2,... ,s8x} consists of nor-
malized signatures with zero cross-correlations, s!'s; =
+hh; =0, forany i # j. Therefore,

H. (21)

[Sl,SQ,...

TSC(S) = K (22)

which is equal to the bound in Tablel for L = N =0
(mod 4). Theset in (21) is TSC-optimum.

3)L=N+1 Letve {1} beanarbitrary K x1
binary vector. We design the L. x K signature matrix as
follows:

1 H
[51,52,...,51{]:ﬁ { VT ] (23)
5This case includes the familiar Rademacher-Walsh orthogonal codes
[6], [7] for L = 2™, m = 2,3,...,and K < L, used in current

CDMA technology [8].

Then, thesignature set S = {sy,ss, ... ,sk } consists of
normalized signatures and after straightforward calcula
tionswe obtain

K(K —1)
L2
Hence, TSC(S) is equal to the bound in Table | for

L =N+1 =1 (mod 2) and the optimality of the bi-
nary signature set design in (23) is established.

. (24)

da)L=N+2and K=0(mod?2) Letve{+1}?
bean arbitrary % x 1 binary vector. Wedesignthe L x K
signature matrix as follows:

1 H
R SK] = — V; VT . (25)

[s1,82, ...

VL T

—V

Then, thesignature set S = {sy,ss,... ,sk } consists of
normalized signatures and we can calculate

K(K -2)
L2
Hence, TSC(S) is equal to the bound in Table | for L =

N +2=2(mod4) and K = 0 (mod 2). The set design
in (25) is TSC-optimum.

TSC(S) = K +2 . (26)

4D)L=N+2and K=1 (mod2) Letve{+1} 7
be an arbitrary % x 1 binary vector. We design the

L x K signature matrix as follows:

1 H
,SK| = — vl 1 VT .l (27
K VL T v

[Sl,SQ,...

The signatureset S = {sy,ss, ... ,sk} consists of nor-
malized signatures and we calculate

K -1\’
TSC(S) =K +2 (T) . (28)
The TSC(S) is equal to the bound in Table | for L =
N+2=2(mod4) and K = 1 (mod 2) and the set
designin (27) is TSC-optimum.

B. Overloaded system (K > L)

For K > L,wehave N = 4| £t | and N > L. By
inspection, we observe that K takes one of the following
four vaues K = N -1, K = N, K = N +1,0or
K = N + 2. Therefore, we need to design an optimum
signature set for each one of the above four cases.

We start from an initial Hadamard matrix Hy of size
N. Since N > L, we choose L arbitrary columns
hi,hs,... by of Hy, by € {£1} 1 =1,2,...,L,
and we definethe N x L matrix H = [hy, ho, ... ,h].
Recal thathh,, = 0foranyl =1,2,... ,L,m = 1,2,
..., Lyandl # m.



1) K =N -1 Removeonearbitrary rowfromH to
obtainthe K x L matrix H = |hy, hs,. .. ,BL]. Then,
‘ﬁlelm‘ = 1forany! # m. Wedesignthe L x K signa-
ture matrix as follows:

1

[51752,"' ,SK] = EI:IT (29)

The signature set S = {sy,ss,... ,sk} has normalized
signatures (||s;|| =1,i=1,2,...,K) and

K? L-1
=+ (30)

TSC(S) = — + —

Hence, TSC(S) isequal to theboundin Tablell for K =
N —1 =1 (mod 2). We conclude that the set that we
designedin (29) is TSC-optimum.

2) K =N Wedesignthe L x K signature matrix as
follows:

[51752,"' ,SK] - HT' (31)

-

The signature set S = {sy,sa,. ..
signatures. We calculate

,SKk } has normalized

KQ
-

which is equal to the bound in Table Il for K = N =0
(mod 4). The set-design in (31) is TSC-optimum.

3)K=N+1 Letve {+1}" beanarbitrary L x1
binary vector. We design the L x K signature matrix as
follows:

TSC(S) (32)

Sk = % =" v]. (33)

Then, the signatureset S = {sy,ss,... ,sk } consists of
normalized signatures and we can calculate

[s1,82, ...

K? L-1
Hence, TSC(S) isequal to the boundin Table Il for K =
N +1 =1 (mod 2) and the set in (33) is TSC-optimum.
4a) K =N +2and L=0 (mod2) Letv € {+1}%
bean arbitrary £ x 1 binary vector. We designthe L x K
signature matrix

v =V

[sl,s2,...,sK]=%{HT v } (35)

Then, thesignatureset S = {sy, s, ...
ized signatures and it can be shown that

,Sk } hasnormal-

K? L-2
=— 42— =,

7 + 7 (36)
We conclude that TSC(S) is egual to the bound in Table
Ilfor K = N+2=2(mod4)and L = 0 (mod 2).
Therefore, the set-design in (35) is TSC-optimum.

TSC(S)

4) K = N +2and L=1 (mod2) Letve{+1} =
be an arbitrary % x 1 binary vector. We design the
L x K signature matrix

A" A"
[s1,82,...,8K] = [HT 1 1 ] (37)

v -V

-

The signature set S = {si, so, . ..
signatures and it can be shown that

,Sk } has normalized

K2 L-1\’
TSC(S) = I + (T) . (38)
Hence, TSC(S) isequal to theboundin Table Il for K =
N +2=2(mod4) and L = 1 (mod 2). Once again, the
designin (37) is TSC-optimum.

IV. COMMENTS, CONCLUSIONS, AND
EXAMPLES

In Section Il we derived new bounds on the TSC of
binary antipodal signature sets for both underloaded and
overloaded CDMA systems (summarized in Table | and
Table 11, respectively). In Section 111 we identified suf-
ficient conditions on the values of K (number of users)
and L (processing gain) which guarantee that the corre-
sponding new bounds on the TSC are tight. In addition,
we were able to design optimum (minimum-TSC) binary
antipodal signature sets for all values of K, L for which
the sufficient conditions hold true.

Thedesign of the optimum signature sets (and thetight-
ness of the TSC bounds as it is described in Proposition
1) depends on the existence of a Hadamard matrix of size
N. A necessary condition for a Hadamard matrix to ex-
ist isthat its size is a multiple of 4 (except for the trivial
cases of size 1 or 2). Indeed, N is a multiple of 4 by
definition (see Proposition 1). Therefore, the necessary
condition for the design agorithm to work is the exis-
tence of a Hadamard matrix for the specific value of N.
Many Hadamard matrices are known for specific multi-
plesof 4. Assuming that in CDMA applications values of
K and L greater than 200 are of no much practical inter-
est at present, we can mention that Hadamard matricesare
known for all multiples of 4 lessthan or equal to 200, with
the single exception of 188 [9]-[13]. We conclude that
the only pairs of values of K and L in {1,2,...,200}
for which we cannot guarantee that the new bounds are
tight (or, alternatively, we do not have a design method
for constructing optimum sets) are the ones covered by
the following cases: (i) 187 < K < 190 and K > L, (ii)
187 <L <190and K < L, (iii) L = K = 1 (mod 4),
(VL=K=2(mod4), (v) L+1=K =2 (mod 4),
and (vi) K +1 =L =2 (mod 4).

It is interesting to note that these (i)-(vi) combinations
congtitute a small percentage (4.24%) among al possible
combinationsof K and L in {1,2,...,200}. Therefore,
the new boundstogether with the sufficient conditionsand
the design procedures presented in this work provide us
with useful tools that cover almost the whole range of
possible CDMA setups of interest at present. An example



of the optimum binary signature set for an underloaded
CDMA system with processinggain L = 18 and K = 11
usersis given by the 18 x 11 signature matrix S; in Fig.
If we increase the number of usersto K = 34 the sys
tem becomes overloaded and the optimum signature set
is given by the 18 x 34 signature matrix S» in Fig. Both
these optimum sets were obtained directly by the design
procedure of Section I11.

S =

T+l I ++11++11++1 1+
T+ 14+ 1 +1++1+1 1+ +

I+l ++1+11+1++1+1 1+
I+t 1t rrrrrl++++++++

I+++1 1 ++1 011 1++1 1 ++
+ 11 ++1 1++1+1 1 ++1 1+

B R e R I S
R = I IS
ey e R [ AR
T
N et

Fig. 1. Theoptimum binary antipodal signature set for an underloaded
system with processing gain L = 18 and K = 11 users.

I++ 1 1++11++114++1 1+
Ll ++ 1 1 ++1 0 ++1 T ++ 11
I++++1 11 1++++1 111+
I+ 1 ++1+11+1++1+11
LI+ 1 ++1 1++1+1 T ++ 11
Ll ++1 1+ 1++1 0 ++ 1+ 11

IT+4+1 1 ++++10++1 011 1+

wn

M)

I
S PRI
P44 T+ ++1 1+

R S Ay R R R R
S N I I I S A A

+ I+ I+ ++1+ 1+ 1+ 0+

e N ISy Ry A I
N
e = I I RN

+I+ I+ I+ +1+1+1+1+1

Fi

Q

P+ttt +++++

I+ 1 1+ 1 +1+1+1+1+1+1

(1

(2

(3]

(4

(9]

(6]

(8l

(9
(10

[11]
(12

[13]
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. 2. The optimum binary antipodal signature set for an overloaded system with processing gain L = 18 and K = 34 users.



