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New Bounds on the Total Squared Correlation and Optimum
Design of DS-CDMA Binary Signature Sets
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Abstract—The Welch lower bound on the total squared corre- signature sets [2]. Algorithms for the generation of real-valued

lation (TSC) of signature sets is known to be tight for real-valued \WBE signature sets are developed in [5]-[7].
signatures and loose for binary signatures whose number is not a . .
multiple of four. In this letter, we derive new bounds on the TSC ~ While for real/complex-valued signature sets, the Welch

of binary signature sets for any number of signaturesk” and any bound K2/L for K > L and K for K < L) is always
signature length L. Then, for aimost all K, L'in {1,2,...,256}, achievable, this is not the case for binary antipodal signature
we design optim_um binary sig_nature sets t_hat achieve the New gets. In [2], it is stated that ik > L, the Welch bound(z/L
bounds. The design procedure is based on simple transformations . . . . . . _
of Hadamard matrices. is achieved with binary antipodal signatures onlykif = 0
] o _ (mod 4) orK =1 or 2. For the case &f < L, the lower bound
(CE‘&% T:g:jness_i’i'”ﬁg’jsgi“ﬁnces' code-division multiple access g js achieved only ifl = 0 (mod 4) orL =1 or 2. Optimum
' 519 gn. binary antipodal signature sets are constructed in [2], [8], and
[9] when the number of users is a power of two and equals or
I. NEw BOUNDS ON THETSC OF BINARY ANTIPODAL exceeds the system processing géin=£ 2" > L,n < L).
SIGNATURE SETS In this letter, first we derive new bounds on the TSC of bi-
N DIRECT-SEQUENCE code-division-multiple-acces#ary antipodal signature sets for all possible combinations of the
(DS-CDMA) systems, multiple users are assigned indalues ofK (number of users) anfl (processing gain). Then,
vidual binary antipodal signatures (spreading codes) to accé®smost K, L, we design via simple Hadamard matrix trans-
a common (in time and frequency) communication channébrmations optimum binary signature sets that achieve the new
A fundamental measure of the cross-correlation propertiegunds. TheK, L optimum design cases that are not covered
of a signature set is the total squared correlation (T'S@). under these developments—therefore, the tightness of the corre-
S = {s1,89,...,8x},8; € CL,|lsi]| = 1,4 = 1,2,..., K, sponding bounds is not established—&re- K = 1 (mod 4);
is a set of K normalized (complex valued in general) usef = K = 2(mod4); L+ 1 = K = 2(mod4); andK + 1 =
signatures of length (processing gaih) then the TSC of set L = 2 (mod 4).
S is the sum of the squared magnitudes of all inner productsWe consider a binary antipodal signature sgt =
between signatures [2] {s1,82,...,8K} with K normalized signaturess; €
{*£1/VL}', i = 1,2,...,K, and we begin our presentation
K K with the derivation of the new bounds for the “underloaded”
TSQS)2 Z Z sfs; 2. (1) (K < L) system case. The “overloadedX” > L) system case
i=1 j=1 follows.

Welch showed [3] that TS@) > K?2/L, and this lower bound A. Underloaded Svst <
was named [2] the “Welch bound” on the TSC of signature sets. nderloaded Systegk” < )
We know that if K > L, then there always exists [4]raal- The TSC ofS is TSAS) = K T (s7s,)2 = K +
valuedsignature set that yields equality in the Welch bo@ind«x «—x ==

T 2 i
: ? . : i=1 2. j=1j=i(8; 8j)°. The second, double-summation term
Such optimum sets are called Welch-bound-equality (WBI the TSC between different usersdn To obtain a bound on

this term, we state and prove the following theorem.
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sfs; #0,i=1,2,...,K,j = 1,2,..
denotes the cardinality of sét, then

LKL |C

TABLE |

UNDERLOADED DS-CDMA SysTem (K < L)

X 9{7 ) L=0(mod 4) Processing Gain | Number of Users | Lower Bound on TSC
RE2 L Ed?((mO? 4) ) L =0 (mod 4) Any K K
andK =0(mod 2 — K(K—2

C ({s1,s2,...,s > _1)2 ©) L =9 (mod 4 K =0 (mod 2) K+2J-7_1L

B [ T tmod ) T mod2) | K42 ()
vy ANdK=l(mod2) L=1 (mod 2) Any K K+ KEL
%, L=1(mod 2).

Proof: With respect to part 1), if. = 0 (mod 2), then TABLE I

L =2m,m € {1,2,...},and|sfs;| = |L—2d(s;,s;)| |A|* =
2lm —d(s;,s;)| |A|* whered(s;, s;) denotes the Hamming dis-

OVERLOADED DS-CDMA SysTEM (K > L)

tance betwees;,s; € {:i:A}L. Therefore, ifsf{sj # 0 and Number of Users | Processing Gain | Lower Bourzd on TSC
L = 0 (mod 2), then|sfs;| > 2|A|2. If, on the other hand, K =0 (mod 4) Any L i =

L =1 (mod 2), thenL = 2m +1,m € {0,1,2,...}, and K =2 (mod 4) | L=0(mod?2) L2
[sis;| = |L — 2d(si,s;)| |A]? = |2(m — d(s;,s;)) + 1]]|A]*. L=1 (mod 2) F+2(4)
Therefore, ifL = 1 (mod 2), then|sfs;| > |AJ* forall i # j. K =1 (mod 2) Any L K 4Lt

With respect to part 2), i, = 0 (mod 4), then|C(S)| > 0
trivially by definition. If L = 1 (mod 2), thensfs; # 0
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tems and are summarized in Table I. Table | can also be seen
as a proof that when the number of users is more than two and
the signature length is not a multiple of four, no orthogonal bi-
nary antipodal signature set exists. In addition, it is interesting

for all i # j [as shown in the proof of 1)]. Therefore,
cs) = (%) K(K -1)/2. If L 2 (mod 4),
then we choose an arbitrary signature from set say

Sl'Aand .vve partition§ into two d|§10|nt sets as follows: to note that the familiar Gold signature sets [10] wkth< L,
Sli{si td(si;s1) 0 (mod 2_)‘/1 L2,....Kyand ;' op p = 5,6,..., as well as the signature sets ob-
S={s; : d(s;,;s1) = 1 (mod 2),i = 1,2,...,K}. We can agined byK < L cyclic shifts of anm-sequence [11] of length
show that there is no pair of signatures with zero cross correlg— v — 1 p = 3,4, ..., meet the bound in (5) with equality;

tion within S; or within S;.3 Let |S;| = k and|S2| = K — k,
0 <k < K.Then,|C(S)| = (§) and|C(S:)| = (%55).
SinceS = §; U S» and the two subsetS; andS, are disjoint,

we obtain|C(S)| > (5) + (*,%) = k* - Kk + K(K — 1)/2.

If K = 0 (mod 2), then the right-hand side of this inequality

is minimized fork = K/2 : |C(S)| > (K/2)? — K(K/2) +
K(K -1)/2 = K(K —2)/4.If K = 1 (mod 2), then the
right-hand side is minimized fot = (K + 1)/2: |C(S)| >
(K+1)/2)? - K(K£1)/24+ K(K —-1)/2 = (K —1)*/4.0

If the processing gainL is even, by direct appli-
cation of Theorem 1 part 1), we obtain TS@) >
K + 2/0({s1,s,....scDI(21/VI]?)? K +
(8/L?)|C({s1,s2,...,8k})|- Then, Theorem 1 part 2),
gives

K, L=0 (mod 4)
K+ 25522 0 1 =2 (mod 4)

TSCS) > andK =0 (mod 2)  (4)
K +2(521)? | L=2(mod 4)
andK =1 (mod 2).
If L is odd, then fromTheorem 1 part 1), TSCS) >
K + 2/0({si,so,....,seDII/VIP)? = K +

(2/L*)|C({s1,s2,...,8x})| and from Theorem 1 part
2), we obtain
K(K -1

Equations (4) and (5) define the new bounds on the TSC
binary antipodal signature sets for underload&d < L) sys-
3If s;,5; € S1 (or Sz2), we can show thad(s;,s;) = 0 (mod 2). Since

L =2 (mod 4) andd(s;,s;) = 0 (mnod 2), we can show that/’s; # 0 for
alls;,s; € S; (orSs).

hence, both sets are minimum-TSC optimum.

B. Overloaded Syste(i > L)

Letd,2[s1(1),s2(1),...,sx(D)]T € {£1/VL}X denote the
transpose of théh row,! = 1,2,..., L, of the signature ma-
trix. Then, due to the “row-column equivalence” [2], TRO =
S Y (sTs))? = Yy Yy (df din)?. Therefore, we
can proceed with the calculation of the TSC®fas follows:
TSOS) = Yy (A di)? + X0y Yy (A di)* =
Kz/L+ZlL:1 Zanzl,m;éz(dszm)Z-

First, consider thél even case. BYheorem 1part 1), w% ob-
tain TSQS)>K2/L+2C({dy.ds, ..., dL})|(2|1/\/f|2)
K?/L+ (8/L?)|C({d;,da,..., dr})|, and then, byrheorem

’ ’

1, part 2)
) KTQ, K =0 (mod 4)
£ 42822 K=2(mod 4)
TSCS) > and L=0 (mod 2) (6)

+2 (E)Q , K=2(mod 4)
andL =1 (mod 2).

Next, we consider thé( odd case. FronTheorem 1part 1),
TSQS) > K*/L + 2|C({d1.ds, ..., d})|(I1/VIP)* =
K?/L+(2/L*)|C({d1,da,...,dL})|, and fromTheorem 1
part 2), we conclude

K? L-1

> 4+ -2 -
_L+L’

of  TsSQS) K =1(mod?2). (7)

Equations (6) and (7) define the new bounds on the TSC of

binary antipodal signature sets for overload&d> L) systems

and are summarized in Table Il. Overloaded Gold signature sets
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H « (N-1)xmin{K, L}
submatrix of H

T 1 T

H H
H « vg‘ v%w H « vg 1 v;
—v]

vi € {il}min(K,L}

vy € {il}lmi" ol
S
Fig. 1. Optimum binary antipodal signature set design procedure.
[I0]with K =L+1orK =L+2,L=2"—1,p=5,6,..., s;€{x1/VL}*, i=1,2,...,K,thatachieves equality in the
meet with equality the corresponding bound in (6) or (7) andprresponding TSC bound given by Table | or II. O
hence, are minimum-TSC optimut. Fig. 1 acts as a proof-by-construction Bfoposition 1 It
presents in the form of a flow chart simple algorithms based
[I. DESIGN OF MINIMUM TSC BNARY on Hadamard matrix transformations for the design of optimum
ANTIPODAL SIGNATURE SETS binary signature sets that achieve the TSC bound for both un-

The following proposition identifies a sufficient conditionderloaded and overloaded systems. Our algorithmic exceptions

under which the new bounds of Tables | and Il become tight.2"¢ DL = K =1 (mo_d 4;2) L = K =2 (mod 4); 3)
Proposition 1 (Conditions for Tightness of the TS% 'dl—fld': K=2 (moi‘l){j and 4)K + }j = Lf " 2 (mod 4). A

Bounds): Set N24(max{K.L} +1)/4]. If N > Driefdiscussionon the design procedure follows.
For an underloaded systefi’ < L), we haveN =4 |(L +

min{K, L} and there exists a Hadamard métriaf size N, . '
then there exists a binary antipodal signaturesset {s;}X ,, 1)/4] andN > K. By inspection, we observe théttakes one
= of the following four values. = N —1,L =N,L =N +1,

ng(i)ld se(;?gv/ltzfx (zG)L Jr: lh, Lf =27 —1, p'd: 57_%]- o avti/hif\rf]ebthe OIor L = N + 2. Therefore, we need to design an optimum sig-
oundK in (6), which of course coincides wi e Welch boun . . .
for real-valued signatures. Therefore, the minimum-TSC optimality of ovep-ature set, that is, a set that achieves the Corre.Spond'ng_ b?””d
loaded-by-one Gold sets was already known [8]. (7) establishes the optima@@ TSC, for all four of the above cases (see Fig. 1). It is in-
of overloaded-by-tw¢ K" = L + 2) Gold sets, too. teresting to note that the design case= N — 1, K < [,

5We recall that a Hadamard matrix of si2éis anN' x N matrix A with i Fig. 1 covers as a proper subset the Gold signature sets [10]
elements the real numbetsl, —1 and mutually orthogonal columna,” A = thK <L L =2 —1 — 5.6 I he si
NIx x ~. A necessary condition for a Hadamard matrix to exist is that its sipiit = Mo T LD =90 as well as the signa-
is a multiple of four, except for the trivial cases of size one or two. ture sets obtained bk < L cyclic shifts of anm-sequence of
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length, = 2P — 1, p = 3,4,... [11]. Also, the design case
L= N, K < L,inFig. 1 covers as a proper subset the familie
Rademacher—Walsh orthogonal codes [12], [13] whiete 2P,
p=23,...,andK < L, used in current CDMA technology
[14] (direct Hadamard matrix design for this case whérie a
multiple of four was suggested earlier in [2]).

For an overloaded syste > L), we haveN = 4 [(K +
1)/4] andN > L. By inspection, we observe thaf takes one
of the following fourvaluesK = N—-1,K = N, K = N+1,
or K = N + 2. Therefore, we need to design an optimum
signature set for each one of these four cases (see Fig. 1).

For each one of the above design cases for both underloaﬁ%
and overloaded systems, we can show that ((§Gs exactly
equal to the corresponding new bound in Tables | or Il. There-
fore, our binary signature set design in Fig. 1 is minimum-TSC
optimum.

e

(1]

I1l. COMMENTS, CONCLUSIONS AND EXAMPLES 2

We derived new bounds on the TSC of binary antipodal sig-
nature sets for both underloaded and overloaded CDMA sysq3)
tems (summarized in Table | and Table Il, respectively) and we
identified sufficient conditions on the values &f (number of (41
users) and. (processing gain) which guarantee that the corre-
sponding new bounds on the TSC are tight. Our design of the
optimum signature sets (and the tightness of the TSC bounds a[g]
it is described irfProposition 3 depends on the existence of a
Hadamard matrix of siz&/ = 4 |(max{K,L} + 1)/4]. As-
suming that in CDMA applications, values &f and L greater
than 256 are not of much practical interest at present, we carl’]
mention that Hadamard matrices are known for all multiples
of four less than or equal to 256 [15]. We conclude that the g
only pairs of values o and L in {1,2,...,256} for which
we cannot guarantee that the new bounds are tight (or, altern%]
tively, we do not have a design method for constructing optimum
sets) are the ones covered by the following cages: K =
1(mod4),L = K =2(mod4),L+1=K =2(mod 4), and
K +1 =L =2(mod 4). ltis interesting to note that these four
combinations constitute a small percentage (0.38%) among dt!
possible combinations of and L in {1,2 256}. We also  [12]
note that as users enter or leave the system, the optimum signa-

(6]

(20]

PR

ture set does not have to be redesigned unless we operate inly
overloaded environment, and the change in the number of actiyes
usersK dictates a switch to a new initial Hadamard signature
set generation matriFl,. An example of the optimum binary [15]
signature set for an overloaded CDMA system with processing
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Fig. 2. Optimum binary antipodal signature set for an overloaded system with
processing gaid. = 18 and K’ = 34 users.

gainL = 18 andK = 34 users is given by th&s x 34 signature
%trix S in Fig. 2. This optimum set was obtained directly by
e design procedure of Fig. 1.
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