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The Maximum Squared Correlation, Sum Capacity,
and Total Asymptotic Efficiency of Minimum
Total-Squared-Correlation Binary Signature Sets
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Dimitris A. Pados, Member, IEEE

Abstract—The total squared correlation (TSC), maximum squared
correlation (MSC), sum capacity (Cs.m), and total asymptotic efficiency
(TAE) of underloaded signature sets, as well as the TSC and C,,,,, of over-
loaded signature sets are metrics that are optimized simultaneously over
the real/complex field. In this present work, closed-form expressions are
derived for the MSC, C,,;m, and TAE of minimum-TSC binary signature
sets. The expressions disprove the general equivalence of these perfor-
mance metrics over the binary field and establish conditions on the number
of signatures and signature length under which simultaneous optimization
can or cannot be possible. The sum-capacity loss of the recently designed
minimum-TSC binary sets is found to be rather negligible in comparison
with minimum-TSC real/complex-valued (Welch-bound-equality) sets.

Index Terms—Binary sequences, code-division multiple access (CDMA),
code division multiplexing, codes, signal design, spread-spectrum commu-
nications, Welch bound.

1. INTRODUCTION AND BACKGROUND

In direct-sequence code-division-multiple-access (DS-CDMA) sys-
tems, individual user signals use distinct signatures (also known as
spreading codes) to access a common, in time and frequency, com-
munication channel. In conjunction with channel and receiver design
specifics, the overall system performance is determined by the selection
of the user signature set. Signature set metrics of interest include the
total squared correlation (TSC) [1]-[6], maximum squared correlation
(MSC) [1], [2], sum capacity Csum [2], and total asymptotic efficiency
(TAE) [7], [8]. We recall the definitions of these metrics below.

If

SZ(s s ... s, € Ch,

SK], |8L'||I].,i:l,2,...,lf
is an L x K matrix that represents a set of /{ normalized (complex-
valued in general) user signatures of length (spreading gain) L, then

i) the TSC of S is the sum of the squared magnitudes of all inner
products between signatures

i (1)

K K
15¢($) 23 ) ‘sﬁsj

i=1 j=1
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ii) the MSC of § is the maximum squared magnitude among all
inner products between distinct signatures

2

s8] )

MSC(S) £ max
) 17

iii) the sum capacity of S, defined as the maximum possible sum of
user transmission rates with reliable reception, is

Csum (S) = 10?,‘2

I+ vSSH\ 3)

for a common additive white Gaussian noise (AWGN) channel,
where 7 is the received signal-to-noise-ratio (SNR) of each user
signal' and Iy, is the L X L identity matrix; and

iv) the TAE of S is equal to the determinant of the signature cross-
correlation matrix $7 §

TAE(S) = ‘SH S" . “

In [9], we derived new lower bounds on the TSC of binary antipodal
signature sets for all possible combinations of & (number of users) and
L (signature length) and we proved the tightness of the new bounds for
all K, Lexcepti) L = K =1 (mod 4),ii) L = K = 2 (mod 4),
i) L+1 =K =2(mod4),andiv) K +1 = L = 2 (mod 4).
Ding, Golin, and Klgve [10] and Ipatov [11] established the tightness
of these bounds also under Cases ii)-iv).2 All proofs of tightness in [9],
as well as in [10], [11], are by construction and present us with simple
algorithms for the design of minimum-TSC optimum binary signature
sets based on Hadamard matrix transformations. For example, due to
these developments, we are now able to design minimum-TSC sets for
99.9% of all possible combinations of K, L in {1,2,...,400}.

In this present work, we focus exclusively on binary antipodal sig-
nature sets that meet the lower bound on the TSC (minimum-TSC
binary sets) [9]. For all K and L with i’ < L (underloaded sys-
tems), we derive analytic expressions for the MSC, C'sum, and TAE
of minimum-TSC binary sets. For all i and L with ' > L (over-
loaded systems), we derive analytic expressions for the Cs,m of min-
imum-TSC binary sets. In particular, we show that for all X" and L
(except for K = L = 1 (mod 4) that remains an open question), bi-
nary minimum-TSC sets possess the following properties: i) if K < L,
MSC(S) is also minimum; ii) if K < L, TAE(S) is single-valued
when L # 2 (mod 4) and multi-valued when L = 2 (mod 4);
iil) Csum(S) is single-valued when max {K, L} # 2 (mod 4) and
multi-valued when max {K, L} = 2 (mod 4). We derive the exact
value of MSC, Csum, and TAE when these metrics are single-valued.
When C,m, and/or TAE are multi-valued, we establish lower and upper
bounds and prove their tightness; the exact value of Cl,, and/or TAE
depends on the particular design of the minimum-TSC signature set.
A direct, arguably surprising, conclusion from this study is that min-
imum-TSC optimal binary sets are not necessarily sum-capacity op-
timal as known for real-valued sets from the work in [2], [12], [13].

II. THE MSC OF MINIMUM-TSC BINARY SIGNATURE SETS

We consider a signature matrix § = [81 82 ... 8§x] that consists
of K normalized binary antipodal signatures s; € {:I:%}", i =

ITn this work, we assume identical received SNR for all user signals.

2The case I = L = 1 (mod 4) remains open. Ding, Golin, and Klgve
[10] showed that our TSC bound in [9] is tight for K’ = L = 5 or 13, but
not for ' = L = 9. What happens when ' = L = 17,21,... is an open
question.
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1,2,..., K, where L is the signature length. The MSC of S is defined
for every ' > 2 and is lower-bounded as follows [14]:

0, L=0(mod4)
A, L=2(mod4)and K > 2
0, L=2(mod4)and K =2
7. L=1(mod2).

MSC(S) = max (ssz])z >

®)
To examine the MSC of minimum-TSC binary signature sets we state
the following lemma. The proof is given in the Appendix.

Lemma I: LetS = [8( 82 ... 8x] be an L X K binary antipodal
signature matrix where 8; € {:I:%}L, i=1,2,...,K,and K < L.
If TSC(S) achieves the lower bound in [9], then there exists an orthog-
onal matrix @ € {—1,0,1}**% and a matrix Sy € {:l:%}j‘“{

such that § = $,Q and

Iy, L =0 (mod4)
LolTe + +1k1c, L =1 (mod4)
r = A <
S0 So 0 ! 0 X(Az , L=2(mod4) ©)
e 2
%Ir( — %1[(1}[\1, L=3 (mod 4)

where 15 2 [11... 1]T, K 2 {%], K, 2 L%J,Al isa Ky x Ky

matrix, A is a Iy X K matrix, and3

=

1, i = j 1, .

Consider now a signature matrix § with 1 < K < L (underloaded
system). If TSC(S) is equal to the corresponding bound in [9], then by
Lemma 1 it is straightforward to obtain

0, L =0 (mod4)
A, L=2(mod4)and K > 2
_J) %
MSC(S) = 0, L=2(mod4)and K =2 ™
#, L =1 (mod?2).

The following proposition summarizes our findings.

Proposition 1: If an underloaded binary antipodal signature set
achieves the lower bound on the TSC in [9], then it also achieves the
lower bound on the MSC in (5). O

We recall that for underloaded sets (K < L), the lower bounds
on the TSC in [9] are tight for any K, L subject to the existence of
a Hadamard matrix of size 4 L#J with the single exception X' =
L = 1 (mod 4) (see Footnote 2). We conclude that for all K, L with
K < Lexcept K = L = 1 (mod 4) that remains an open ques-
tion in general, i) the minimum-TSC and minimum-MSC criteria can
be jointly satisfied by the same signature set and ii) the signature sets
obtained in [9]-[11] are doubly optimal for underloaded systems: they
exhibit both minimum TSC and minimum MSC at the same time. It
is important, however, to note at this point that while minimization of
the TSC and MSC of real/complex-valued signature sets are equiva-
lent criteria for all I, L with K < L, this is not true in general for
binary sets. Specifically, we can show that TSC and MSC minimiza-
tion are equivalent for binary sets for any &', L with I < L (subject

to the existence of a Hadamard matrix of size 4 [L '4*'2 J) except for i)

3In our notation, if A is an m X nmatrix, then [A]Z.]., i =1,2,...,m,

7 =1,2,...,n,is the (¢, j )th element of A.
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K =1L =1 (mod4)*andii) L = 2 (mod 4). In particular, when
L = 2 (mod 4) TSC minimization implies MSC minimization (as

shown above) but not vice versa.

III. THE SUM CAPACITY OF MINIMUM-TSC BINARY SIGNATURE SETS

The sum capacity Csym of a multiple-access communication
channel is the maximum sum of user transmission rates at which reli-
able decoding at the receiver end is possible [2], [15]. In a synchronous
DS-CDMA system that employs an L x K complex-valued signature
matrix § = [81 82 ... SK], 8; € CL, ||81|| =1,i=12,.. .,If,
for transmissions over a common AWGN channel, the received data
vector is of the form

K
r= Z d;8; +n ®)

=1
whered; € C,i =1,2,..., K, is the ith user’s (complex in general)
transmitted symbol and n is a zero-mean complex Gaussian vector with

autocovariance matrix NoI7.If E {|d,|2} =FE,i=1,2,...,K,itis
known [2], [7] that

Csum (S) = log,

I+ vSSH’ ©)

where ~ 2 % is the received SNR of each user signal. In [2], [12],
[13], it was shown that

Klog, (1+7), K<L
K - (10)
Llog, (1 + fq/) , K>L.

0< Cun$) < {

While the upper bound in (10) is tight for real/complex-valued sig-

nature sets for any I, L [2], [12], it has been an open question whether

tightness is maintained when S is binary. In this section, we examine

the Csum of minimum-TSC binary antipodal signature sets for any I{,

L. Our developments are based on the lemma that we state and prove
below.

Lemma 2: Let Abean N x N complex Hermitian matrix with the
following properties:

)[4, =a>0i=12,...,N;

ii) ‘[A],;,,-‘ —3>0,i#j,i=1,2...N,j=1,2...,N;
i) N < 5+ 1.
Then, the determinant of A is bounded as follows:
0<(a+)V " a—(N-1)p8)<|4]
<(a=pN ! (a+(N-1)8) < a1

Proof: Denote by A,, the n X n submatrix of A that is formed by

the first n columns and the first n rows of A, n = 1,2,..., N. Then,
A, p
An = . "
= %]
p, €C" lp, (i) =B,i=12..nn=12..N—11n

particular, A1 = o and Axn = A.
The eigenvalues of A,,, A1, A2, ..., Ay, are real (A,, is Hermitian)
and belong to the union of the n corresponding Gerschgorin circles

4Footnote 2 and Proposition 1 show that for ' = L = 5 or 13 the MSC
bound in (5) is tight and the minimum-TSC binary antipodal signature sets in
[10] are doubly optimal. When ' = L = 9, we can prove that the MSC bound
in (5) is loose and MSC and TSC cannot be minimized simultaneously by the
same binary antipodal signature set.
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[16], n = 1,2,...,N — 1. We observe that the n Gerschgorin cir-
cles are identical to each other due to the structure of A,,. Therefore,
Mi—al < (n=1porX €Ela—(n—13a+(n-1)73],i=
1,2,...,n.Sincen < Nand N < §+1,weobtainaw—(n — 1) 5 >
0. We conclude that A; > 0,7 = 1,2,...,n, A, is nonsingular, and

the eigenvalues of A;‘ s 5\1 s 5\27 R 5\71, are bounded as follows:
1

1

— <N —— . i=12,..., .
0<0¢+(n—1)/3_ “a—-(n-1)8" ! ’ M
Hence,
1 UA—1 1
0< _ < Pn A 2pn < \
a+(n=-1)3 le.. I a—(n=1)p
n=12,....N—1 (12)

We note that ||p, ||> = n3? and recall the identity [16]
] = [4n] (a = o 4270, -
From (12), we obtain

nB? nB?

- <a-pATp <a-—" < a
@ a/—(n—l)ﬁ_a Prufin P = a+(7z—1),8<a
or
a—nf | Argi |
v + 3 ‘ <
W+ B o5 S A
S((}’,—ﬁ) o +nf < a,

a+(n-1)p

n=1,2....N—1. (13)

Sincel <n < N-1land N < 5 + 1, we have « — ng > 0 and
a—(n—1)3>0foranyn = 1,2,...,N — 1. Then

e o —nf |Ax|
0 g) — < 2N
< W G5 =
N-1
o+ np3 N1
< y— ) ————— / 14
_E(W ')a—l—(n—l),3<(1 (14)
which is (11). O

Consider now a minimum-TSC binary signature matrix S =
[$1 82 ... 8x] with 8; € {:I:%}L, i = 1,2,...,K. We use
Lemmas 1 and 2 to obtain closed-form expressions for Cium(S) for
any I{', L. Our developments are presented in the form of the following

proposition. The proof is given in the Appendix .

Proposition 2: Let S = [s1 82 ... 8], 8 € {:I:\}—T}L, i =
1,2,..., K, be a binary antipodal signature matrix that achieves the
TSC lower bound in [9].

a) If K < L (underloaded system)
i) Coum(S) = Klog, (1+7),if L =0 (mod 4);
i) Coum(S) = (K — 1)log, (1 4+ L717) + log, (1 + LH=17)
if L =1 (mod 4);

iii)
L+2 L-K+2
(K - 2)log, <1 + z 7) + 2log, (1 + %w)
SCSU]TI(S)
<(K —=2)log, (14 L-z, +2log, 14 T2 —25).
‘ L L
if L =2 (mod4), K =0 (mod 2);
iv)
- L+2 L-K+1
(K —2)log, | 1+ iv +log, ( 1+ 7x—l—7
L L
L-K+3
+ log, <1 + %’y)
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Fig. 1.
(©)L = 33,and (d) L = 34 (v = 12 dB).
< Caum(S)

-2 L+K -1
<(K —2)log, (1 v) +log, (H%v)
L+K -3
+ log, <1 + %7) :

if L =2 (mod 4), R
V) Csum(S) = (K — 1)
if L = 3 (mod 4).
When L = 2 (mod 4), the lower bounds in iii), iv) are tight if there
exists a Hadamard matrix of size L + 2 while the upper bounds are
tight if X' < L — 2 and there exists a Hadamard matrix of size L — 2.
b) If K > L (overloaded system)
) Ceaum(S) = Llog, (1+ 2+
11) Cvsum(s) = (L_ 1)10g2 (
if K =1 (mod 4);

(mod 2);

=1
0gy (1+ L) + log, (1 4 E=F4Ly),

) if K =0 (mod 4y, §
Ly) +log, (14 EE=17),

iif)
(L —2)log, < K +27) +2log, <1+ I‘—Lﬁﬁ
S 05"111 (S)

K -2
L

K+L-2
7) +2log, <1+‘T7)7

= 0 (mod 2);

K—L+1
log, [ 14+=—-"—~
) (1557)

K—-L+3 >
-y

s<L—2>log2<

if K =2 (mod4),L
iv)

(L—2)log, <1+I‘Jr2

+log, <1—|— T

S CSIIITI(S)

(b) L=32
3
— - O/O[13],[17]
25 —— Minimum—TSC [9]-[11] |
2
Q ~
< s I
2 I
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Sum-capacity loss A(S) (%) of minimum-TSC and O/O binary signature sets versus number of signatures ' of length (a) L = 31, (b) L = 32,

K-2 K+L-1
<(L-2)1 (1—1— i3 fy) +log, <1—|—7L 7)
K+L-3
+log, (1+7+L 3) s

if K =2 (mod4),L =1 (mod 2);
V) Caum(8) = (L—1)log, (1+ 557) +log, (1+ F=+),
if K = 3 (mod 4).
When K = 2 (mod 4), the lower bounds in iii), iv) are tight if there
exists a Hadamard matrix of size &' + 2 while the upper bounds are
tightif X' > L + 2 and there exists a Hadamard matrix of size & — 2.
O
To visualize the theoretical developments of Proposition 2 on the
sum capacity of binary signature sets, we consider the relative sum-
capacity loss expression

Csnm (S)
A(S) &1 — e/
( ) C{:}]]11
where CZ,. is the sum capacity of a real/complex-valued

Welch-bound-equality (WBE) signature set of the same size as
S. In Fig. 1, we plot the sum-capacity loss A(S) of minimum-TSC
binary sets as a function of J{ for a common received SNR per user
~ = 12 dB and four different signature length values L = 31, 32, 33,
and 34. For L = 32 (Fig. I(b)) and L < K < 2L, we also include
the sum-capacity loss of the binary “O/O signature sets” designed
in [17].> We observe that binary minimum-TSC sets exhibit rather
negligible sum-capacity loss for almost all K, L of Fig. 1 (with v =
12 dB) in comparison with WBE real/complex-valued sets. In addition,

5In [17] Vanhaverbeke, Moeneclaey, and Sari designed binary signature sets
for lengths L = 0 (mod 4) and number of signatures K = L, L +
1,...,2L which they named OCDMA/OCDMA (O/O) sequence sets. The
sum capacity of the O/O sets was studied in [13].
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(©)L = 65,and (d) L = 66 (v = 12 dB).

when L = 32, the sum-capacity loss of binary minimum-TSC sets
is significantly less than the sum-capacity loss of O/O sets [13], [17]
for almost all values of K = 32,33,...,64. Yet, the existence of a
single pair (K, L) = (35, 32) in Fig. 1(b) for which the corresponding
nonminimum-TSC O/O set in [13], [17] exhibits higher sum-capacity
than any binary minimum-TSC set of the same size proves that min-
imum-TSC and maximum-Cs,m, criteria are not equivalent for binary
sets. We recall that binary minimum-TSC sets with the sum-capacity
performance presented in Fig. 1 can be designed from [9]-[11] for
any K, L except K = L = 1 (mod 4). This explains the missing
sum-capacity performance point ' = L = 33 in Fig. 1(c).

In Fig. 2, we repeat the same study of Fig. 1 for L = 63, 64, 65, and
66. Similar conclusions may be drawn. Notice the (K = 67, L = 64)
point in Fig. 2(b) for which the Csym of the O/O sets is higher than
that of all minimum-TSC sets. Notice also the missing X = L = 65
minimum-TSC point in Fig. 2(c).

IV. THE TOTAL ASYMPTOTIC EFFICIENCY OF MINIMUM-TSC
BINARY SIGNATURE SETS

The TAE(S) = |S'H S| of a complex-valued signature matrix S =
[8182 ... 8K],8 € C-,||si]| = 1,i =1,2,..., K, is real-valued
[16] and bounded as follows:

0 < TAE(S) < 1. (15)
The unit upper bound in (15) is readily proved via Hadamard’s in-
equality [15]. We also note that if X' > L (overloaded system), sfs
is rank-defficient and TAE(S) = 0.

While the upper bound in (15) is tight for real/complex-valued sig-
nature sets for any A, L with K < L [7], [8], it has been an open
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Sum-capacity loss A(S) (%) of minimum-TSC and O/O binary signature sets versus number of signatures K of length (a) L = 6, (b) L = 64,

question whether tightness is maintained when S is binary antipodal,

that is, 8; € {:I:ﬁ}L, i =1,2,...,K. To connect with the Csum

developments of the previous section, it is straightforward to show that

9Csum(S)
TAE(S) = Wllﬂngo s (16)

for any I, L with K < L. Of course, (16) does not necessarily
imply that TAE increases monotonically with C'sum for fixed ~. In fact,
one can find two binary signature sets S and S> with TAE(S;) >
TAE(SZ ) while Csum (Sl ) > Ceium (Sg ) or Csum (Sl ) < Csum (Sg )
depending on the exact value of ~. In this section, we obtain closed-
form expressions for the TAE of minimum-TSC binary antipodal sig-
nature sets with ' < L (underloaded system). Our developments are
presented in the form of the following proposition. The proof is ob-
tained directly from Proposition 2 and (16) and is, therefore, omitted.

Proposition 3: Let S = [81 82 ... 8x] be a binary antipodal sig-
nature matrix where 8; € {i%}f“, i=1,2,..., K,and K < L.If
TSC(S) achieves the lower bound in [9], then

i) TAE(S) = 1,if L = 0 (mod 4);

i) TAE(S) = =D AR =0) G T = 1 (mod 4);

iif)

(L+2)X2(L - K +2)?
LK
< TAE(S)
(L-2)"2(L+K-2)
S LK

if L =2 (mod4), K =0 (mod?2);
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iv)

(L+2)" (L -K+1)(L-K+3)
LJ\’

< TAE(S)
< (L= )" 2L+ K -1)(L+ K -3)
= K

if L =2 (mod 4)}5 I% = 1 (mod2);
V) TAE(S) = AU "U=KED G T = 3 (mod 4).

When L = 2 (mod 4), the lower bounds in iii), iv) are tight if there
exists a Hadamard matrix of size L+ 2 while the upper bounds are tight
if I < L — 2 and there exists a Hadamard matrix of size L. — 2. [

We recall that for real/complex-valued sets TAE maximization and
TSC minimization are equivalent problems for all ', L with K’ < L
[8]. As shown by Proposition 3, however, this property no longer holds
true for binary antipodal sets. If L = 2 (mod 4) and K’ < L — 2,
then there exist minimum-TSC sets that do not have maximum TAE.
Whether the TAE values of minimum-TSC binary sets in ii), v) and
the upper bounds in iii), iv) of Proposition 3 are also upper bounds on
the TAE of any binary antipodal signature set is an interesting open
question.

V. CONCLUSION

In an effort to gain better understanding of the theoretical intricacies
of code-division multiplexing, we looked at the following four signa-
ture performance metrics: Total squared correlation (TSC), maximum
squared correlation (MSC), sum capacity (Csum ), and total asymptotic
efficiency (TAE). For real/complex-valued signature sets, all four opti-
mization criteria are equivalent. Real/complex-valued minimum-TSC
sets are minimum-MSC and maximum-TAE when the number of sig-
natures KU is less than or equal to the signature length L and have max-
imum sum-capacity for any I, L.

In this correspondence, based on our recent developments on the
TSC of binary antipodal signature sets, we derived closed-form expres-
sions for the MSC, Cgum, and TAE value that binary minimum-TSC
sets achieve for all I, L with ' < L except K = L = 1 (mod 4)
and the C\,;,, value that binary minimum-TSC sets achieve for all i, L
with I > L. Interestingly, there exist I{, L values for which different
metrics are optimized by different binary sets.

It remains to be examined whether—and if so under which condi-
tions—the expressions that we derived in this correspondence repre-
sent upper bounds on the Csum and TAE of any binary antipodal sig-
nature set. For the moment, we can say that the minimum-TSC binary
sets designed in [9]-[11] exhibit rather negligible sum-capacity loss in
comparison with real/complex-valued optimum WBE sets.

APPENDIX I
PROOF OF LEMMA 1

We define the Hamming distance
d(si,s;)2|{l:8:()#£s; (1), 1=1,2,...,L}]|

between s;,8; € {+ ﬁ 1" where || denotes set cardinality. The cross-
correlation and the Hamming distance between any two vectors $;, §;
inS = [81 82 ... 8x] are related as follows:

L

d(si.8) =5 (1 —s?sj). (17)
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Consider any three vectors 8;, 8;, and s in S. Then
d(s;,8;)=d(s;,8)+d (s 8)
—2Nl:s;()#s; (Dands; (1) # s (1), I=1.2,...,L}. (18)
Using (17) we obtain
Ls! 8, = Ls, 8; + Ls, 8, — L (mod 4). (19)

Case L = 0 (mod 4): Tt can be shown [9] that siTs]' =0Vi#j.
Therefore, $78 = Ix.Set So = S and Q = Ix.Then, S = SoQ
and S(l)SO = IK .

Case L=1 (mod 4): In[9], it was shown that
Hence, Ls/ s; = +1.

Choose an arbitrary signature in S, say 81, and partition S into two
signature matrices S1 and S» of size L x K7 and L x K5, respectively,
as follows:

T . .
8; s]-|:%v i%£7.

S,
So,

if LsTs;, =
if LsTs;

|
—

=23 K Q0)

81 €S ands; € {

Consider any two signatures 8;, 8;, ¢ 7 j, in S, other than 8;. Let
L=4m+1,m € {0,1,2,...}. Then, by (19)

Lsfs;=141—(4m+1)=1 (mod 4).

We know, in addition, that Lsf §; = £1. We conclude that

L[SlTSl]M_:l, i#i=1,.... K
or |
L8TS) = (L—1)Ir, + 1k, xx, (21)
where 1x, x 10, 2 1ig, 1%, . Similarly, we can show that
L858> = (L — 1)1k, + li,xrk, (22)
and
L8782 = —1x,xxs- (23)

Consider a K x K permutation (orthogonal) matrix @, such that
SQ, = [S1 S:] and the orthogonal matrix

Ir,

Oxoxiy

Or,x K,

2
QZ - |: _IKQ

SetQ £ (QIQZ)T and 8o £ 8QT.Q is orthogonal and S = S,Q.
Also, 8o = 8@Q,Q., = [S1 — S2]. Therefore,

T 57
LSU So=L T [51 _52]
_s!
_ {(L — DIr, +1g, x5, 1x, <K, }
1, xr, (L— DIy 4+ 1roxrs
=(L-DIx + 1xxxk. (24)

Case L = 2 (mod 4): In[9], it was shown that S can be partitioned

into two signature matrices S; and S» of size L x [5-] and L x | 5],

2
respectively, such that
1L, i=j 1, i=j
Sis)] =42 L. [sis] :{ .
|:l lij {i% 17&] 2 )ij + ) l#.]

S8 =0r7x |5

o

and
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SetA; £ 878, A, £ 8185, 8, £[8, S,], and considera K x K

permutation (orthogonal) matrix @ such that SQT = [S7 S.]. Then,
S = 5,Q and
"
sTS, = [ 515, Of‘?‘lXL%‘J}
Olgpergy 528
= A 0|—§-| x| 5] . (26)
Olg)rg1 A

Case L = 3 (mod 4): The proof is similar to the proof for the Case
L =1 (mod 4) and omitted for brevity in presentation. d

APPENDIX II
PROOF OF PROPOSITION 2

A. Part a)

By Lemma 1, we can write § = So@Q where Q@ € {-1,0, 1R
is orthogonal and Sy € {:I:%}LXA . Then

Coum(S) = log,

I, + W’SST’ = log,

I+ ’}"STS‘
Q"Q+9Q"S{5:Q|
I+ ‘}"Séyso .

= log,

= log,

Therefore, it suffices to examine log, |I K+ VSOTSU ’
i) By Lemma 1, §3 S0 = I . Therefore,

log, (Ix +73§50 =log, [(1 + ) Ix| = Klog, (1 +7). (27)

ii) By Lemma 1, STs, = %IK + %11\'1?\). Therefore,
I+ W”S(?So

L-1 Y AT
<1—|— 7 /)IR+Z]—I&1K
L-1\" z

= log, <<1+ 7 'y) ﬁ

oy (14 E22) (e e

= log, I Y 1+7_1 K
L

) ~1 L+K—1
= (K - 1)log, < ~,) + log, (1 + +T*~,).

(28)

10g2

= log,

I+ 1x 11\

iii) By Lemma 1

I+ 7”5;1)150
{Ig +~vA:

OK K
2 X%

logg

= log,

0[( I)(
IK + ’YAZ
log, I% + vAs

= log, I% + vA; 29

K

where A1, Ay are - X - matrices and

I+y, 1=
[IK +’7A1] _{:I:Z' i
Lt 0=
[I%_i—/AZ:IiJ_{iQLJ-/ i 5.
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Seta=1+7,5= L 1, observe that Kca 5 + 1, and use Lemma 2
to obtain

2~
7—1 10g2 (1+'7’+T>

K 2
vlog, (14 (5 -1) 7)

log;) I% + 7A1

K 2~
<? — 1) 10g2 <1 + Y= T)
K 2y
log, (144 (2 —1)22
+iog, (1494 (5 -1) 7)

IN

IN

K
< 7‘ log, (14 7) (30)
and
K 2
CRULUSES)
K 2
12 (5)3)
< logy [T + 742
K 2~
<(3-1)en(1+2-7)
K 2+
+ log, <1—I—') + <*‘ —1> %)
%
< 5‘ log, (1+ 7). 31)

Direct addition of the inequalities (30) and (31) results to the bounds on
Csum(S) as they appear in Proposition 2, Part a), Case iii). The tight-
ness of these bounds depends on the existence of Hadamard matrices
of size L — 2 and L + 2. If a size L — 2 Hadamard matrix exists and
I{ < L — 2, then the signature design method in [9] provides us with
minimum-TSC sets whose Cl..., achieves the upper bound of Case iii)
of Proposition 2, Part a). If a size L 4+ 2 Hadamard matrix exists, then
the minimum-TSC sets designed in [10], [11] have Csum equal to the
lower bound of Case iii) of Proposition 2, Part a).

iv) The proof is similar to the proof for the Case iii) and omitted for
brevity in presentation.

v) The proof is similar to the proof for the Case ii) and omitted for
brevity in presentation.

B. Part b)
SetD & IL?ST. Then
T 71\ T
Coum(8) = log, |IL + S8 ‘=1og2 I+ 22 Dp'D
— log, I + ’—[‘DDI

D e {:I:\/#K VEXL can be viewed as a signature matrix with L unit-
norm binary signatures of length i’ > L. Therefore, Csum (S) at SNR
7 equals Csum (D) at SNR 2 where § is overloaded and D is the cor-
responding underloaded set. We can show that if TSC(.S) achieves the
TSC lower bound for overloaded sets in [9], then TSC(D) achieves the
TSC lower bound for underloaded sets in [9]. Hence, we can apply our
results in Part a) of Proposition 2 to D and obtain the Cisum (S) expres-
sions in all five cases of Proposition 2, Part b), directly. We note that
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the tightness of the bounds on Csum(S) when L < K = 2 (mod 4)
(Cases iii) and iv)) depends on the existence of Hadamard matrices of
size K — 2 and K + 2. Indeed, if a size K — 2 Hadamard matrix exists
and k' > L + 2, then the signature design method in [9] provides us
with minimum-TSC sets whose C'sum achieves the upper bound in Case
iii) or iv) of Proposition 2, Part b). If a size X' 4+ 2 Hadamard matrix
exists, then the minimum-TSC sets designed in [10], [11] have Cyuim
equal to the lower bound in Case iii) or iv) of Proposition 2, Part b).

g
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A Counterexample for the Open Problem on the Minimal
Delays of Orthogonal Designs With Maximal Rates

Haibin Kan, Member, IEEE, and Hong Shen

Abstract—X. Liang systematically investigated orthogonal designs with
maximal rates, gave the maximal rates of complex orthogonal designs and
a concrete construction procedure for complex orthogonal designs with the
maximal rates. He also posed an open problem on the minimal decoding
delays of complex orthogonal designs with maximal rates, and proved that
the problem is correct for less than or equal to six transmit antennas. In
this correspondence, we give a counterexample for the open problem for
mn = 8 and prove that the minimal delay for complex orthogonal designs
with eight columns is 56. Hence, we give a negative answer for the open
problem.

Index Terms—Complex orthogonal designs, decoding delays, full diver-
sity, maximal rates, space-time block codes.

1. INTRODUCTION

Recently, space—time codes have been extensively investigated for
wireless communication systems with multiple transmit and receive an-
tennas. Alamouti [1] proposed a remarkable transmission scheme using
two transmit antennas, which has linear maximum-likelihood (ML) de-
coding complexity and full diversity. Subsequently, Tarokh, Jafarkhani,
and Calderbank [9] generalized Alamouti’s idea to the general case
by orthogonal designs, i.e., space—time codes from orthogonal designs,
and provided a systematic method to construct real orthogonal designs
with code rate 1 and complex orthogonal designs with code rate 1/2. It
was proved in [8] and [9] that the code rate of real or complex orthog-
onal designs is not larger than 1. Hence, what are the maximal rates
for complex orthogonal designs is an open problem. Lately, an upper
bound of the maximal rate for space—time codes from generalized com-
plex orthogonal designs was given by Wang and Xia in [11] by use of
elegant matrix analysis. However, we do not know if the upper bound in
[11] can be achieved for more than four transmit antennas. At almost
the same time, Liang [3] systematically and smartly investigated the
maximal rates of space—time codes from complex orthogonal designs:
he not only gave the maximal rates of complex orthogonal designs for
any number of transmit antennas, but also presented a concrete con-
struction procedure for complex orthogonal designs with the maximal
rates. Furthermore, Liang discussed the minimal decoding delays of
complex orthogonal designs with the maximal rates. He proved that
the complex orthogonal designs with the maximal rates obtained from
his construction procedure have the minimal decoding delays for fewer
than or equal to six transmit antennas, and posed an open problem for
the minimal decoding delays.

In the correspondence, we give a counterexample for the open
problem in [3], thus giving a negative answer to the open problem. In
Section II, we introduce some preliminaries on orthogonal designs. A
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