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Rank-2-Optimal Adaptive Design of Binary
Spreading Codes

George N. Karystinos, Member, IEEE, and Dimitris A. Pados, Member, IEEE

Abstract—Over the real/complex field, the spreading code that
maximizes the signal-to-interference-plus-noise ratio (SINR) at the
output of the maximum-SINR linear filter is the minimum-eigen-
value eigenvector of the interference autocovariance matrix. In the
context of binary spreading codes, the maximization problem is
NP-hard with complexity exponential in the code length. A new
method for the optimization of binary spreading codes under a
rank-2 approximation of the inverse interference autocovariance
matrix is presented where the rank-2-optimal binary code is ob-
tained in lower than quadratic complexity. Significant SINR per-
formance improvement is demonstrated over the common binary
hard-limited eigenvector design which is shown to be equivalent to
the rank-1-optimal solution.

Index Terms—Binary sequences, code-division multiple-access
(CDMA), code-division multiplexing, signal waveform design,
signal-to-interference-plus-noise ratio (SINR), signature sets,
spread-spectrum communications.

1. INTRODUCTION

HE performance of direct-sequence code-division-mul-
Ttiple—access (DS-CDMA) systems is determined by the
set of user spreading codes in conjunction with channel and
receiver design specifics. In recent literature, several methods
have been presented for the design of real/complex-valued
[1]-[14] or binary [8], [15]-[24] sets of DS-CDMA spreading
codes under various optimization criteria. Among them, in
[1]-[6], [14]-[22] the spreading code set is treated as a single
matrix parameter to be optimized while the works in [7]-[12],
[23], [24] present iterative algorithms that update the codes of
the set individually in a round-robin fashion.

In particular, sets of spreading codes that minimize the total
squared correlation (TSC) were designed in [1], [2], while dis-
tributed algorithms that iteratively decrease TSC by updating
one-by-one the individual codes of the set were developed in
[7]1-[10]. Band-limited sets that maximize the user capacity of
synchronous DS-CDMA systems were constructed in [3]. Op-
timal sets for asynchronous DS-CDMA systems were designed
in [4]-[6], while the iterative method of [9], [10] was modified
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to suit asynchronous systems in [11] and multipath channels in
[12]. Collaborative multibase designs were studied in [13]. In all
the above developments, each user spreading code was allowed
to take any value in the real vector space subject to a (unit-)norm
constraint.

In [17], we concentrated on binary sets of spreading codes
and derived new lower bounds on the TSC. Optimal binary sets
that meet the TSC bound with equality were also designed in
[17], as well as in [18], [19], while their sum capacity, total
asymptotic efficiency, and maximum squared correlation were
evaluated in [20]. A searching algorithm for minimum-TSC
spreading code sets with low cross-correlation spectrum
was presented in [21]. Interestingly, if we consider binary
sets of spreading codes for transmission over a synchronous
DS-CDMA channel with unequal channel gains for different
users, then the minimum-TSC sets of [17]-[19] also minimize
the corresponding total weighted squared correlation (TWSC)
[14] as long as the system is underloaded and the spreading
code length (processing gain) is odd or a multiple of four.

For overloaded systems, however, with unequal user gains,
the minimum-TWSC optimality of minimum-TSC binary sets
is lost; the design of optimal binary sets for such systems is
still an open problem. In an attempt to design appropriate bi-
nary spreading codes for overloaded synchronous transmissions
with unequal received power values as well as asynchronous
transmissions over —potentially—multipath channels, subop-
timal distributed algorithms were presented in [8], [23], [24].
In these works, the user codes are updated one-by-one, similar
to the approach followed in [7]-[12] for real-valued spreading
codes, simplifying the set design problem to the adaptive design
of one spreading code in the presence of colored interference.

In this paper, we revisit the work of [8], [23], [24] and con-
sider again the adaptive design of binary spreading codes that
maximize the signal-to-interference-plus-noise ratio (SINR) at
the output of the maximum-SINR (MSINR) filter. The optimal
code is a function of the disturbance (interference-plus-noise)
autocovariance matrix and its evaluation over the binary field
is NP-hard [24]. Instead, in this present work we propose to
eigendecompose and approximate the inverse disturbance au-
tocovariance matrix by its fwo maximum-energy components
alone. Then, we show how to optimize the binary spreading code
under the rank-2 approximation of the inverse disturbance au-
tocovariance matrix with lower than quadratic complexity. We
demonstrate the significant SINR performance superiority of the
proposed rank-2 adaptive design in comparison to direct hard-
limiting of the maximum eigenvector of the inverse disturbance
autocovariance matrix (or the minimum eigenvector of the in-
terference autocovariance matrix) [8], [24], which we show to
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be equivalent to rank-1-optimal adaptive binary spreading code
design. Moreover, simulation studies indicate that the obtained
rank-2 spreading code can be the exact full-rank-optimal so-
lution with significantly higher probability than the rank-1-op-
timal code (for example, when the rank-1-optimal code is glob-
ally optimal with probability 0.4, the returned rank-2 code is
globally optimal with probability 0.85). In fact, simple iterative
Hamming-distance-1 steepest descent search [22], [24] initial-
ized at the proposed rank-2 spreading code raises the probability
of convergence to the full-rank-optimal solution to as high as
0.95. Certainly, the proposed adaptive binary code design can
serve as an appropriate initialization point for other, potentially
more sophisticated, iterative binary search procedures.

The rest of the paper is organized as follows. Section II is de-
voted to signal model and problem formulation considerations.
The proposed rank-2-optimal adaptive selection of the binary
code is described in Section III. The performance of the pro-
posed scheme is tested through simulations in Section IV. A
few concluding remarks are drawn in Section V.

II. SIGNAL MODEL AND PROBLEM STATEMENT

Consider the vector signal model
r=b/Ps+y (1)

where b € {£1} is a uniformly distributed bit random vari-
able, s € R a deterministic vector waveform (spreading code)
with ||8]| = 1 such that all collected energy is absorbed/repre-
sented by the scalar P > 0, and y € R’ is a zero-mean random
disturbance vector with positive definite autocovariance matrix
R = E{yy"} (E{-} denotes statistical expectation and 7T is
the transpose operator).

The general signal model of (1) covers, for example, syn-
chronous DS-CDMA transmissions where a user of interest with
spreading code s transmits over an additive noise channel in the
presence of K interfering users. In that case, the overall addi-
tive disturbance term takes the form y = Zkl,(:l biv/Prsi +n
where by, € {1}, P, > 0,and 8;, € R are the uniformly dis-
tributed user bit, received energy per bit, and normalized deter-
ministic spreading code of the kth interferer, k = 1,2,..., K,
and n represents additive zero-mean channel noise. Similarly,
(1) can model asynchronous DS-CDMA transmissions when the
receiver is synchronized with the signal of interest or can be ex-
tended to cover multipath transmissions if 8 is replaced by the
effective (channel processed) user signature.

For an arbitrary spreading code s, the linear filter/receiver w
that exhibits maximum SINR at its output has the form

w(s)=cR's, ¢>0, )

and the (maximum) output SINR value is
E { [wT (s) b\/TDs] 2}
E{[w" (s)y}

We recall that, if the additive disturbance vector y is
Gaussian, then sgn [w” (s)r| is the minimum bit-error-rate

SINR (8) = =Ps"R™'s. (3)
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(BER) detector with error probability given by BER(s) =
Q (\/ PsTRfls) where Q (a) = [ \/%e_§dt.

Our objective is to design the spreading code 8 so that the cor-
responding SINR (8) value is maximized (and BER (8) is min-
imized under the Gaussian additive disturbance assumption).
Since the disturbance autocovariance matrix R is positive defi-
nite,

L
R=> Ngg!, M2Xh>-->X>0,
=1

lg;ll =1, i=1,2,...,L, 4)

represents its eigendecomposition where \; and g; are the
ith eigenvalue and normalized eigenvector, respectively, of
R. Then, the real-valued spreading code s that maximizes
SINR (8) is given by [10]-[12], [24]

max

A
SR-OPT = arg
seRL ,||s]|=1

{PSTR_ls} =q;. 3)
Therefore, the optimal real-valued code sgr-op can be obtained
with complexity that is dominated by the complexity of the
eigendecomposition of the L. x L matrix R.

In this present work, we are interested in maximizing
SINR (8) subject to the requirement that 8 is binary. The
problem of obtaining the optimal binary spreading code

max
{7z}

is NP-hard [23], [24] and can be solved through exhaustive

search over all possible L-bit combinations. In the next section,

we seek a computationally efficient alternative for the design of
L

{PsTR_l.s} 6)

A
SopT = arg

a spreading code 8 € {i%}

III. RANK-2-OPTIMAL DESIGN OF BINARY SPREADING CODES

Given the eigendecomposition of R in (4),

L
1 1 1 1
;/\iqtqt R Zn oz oz >0
lg;ll =1, i=1,2,...,L, 7)

and the binary spreading code optimization problem in (6) can
be rewritten as

L
SopPT = arg  max {Z )\i (ST‘L‘)2} ©))
se{:l:ﬁ} i=1 7\

where 0 < (qui)2 <1,7%=1,2,..., L. Therefore, the optimal
binary vector sopt maximizes the sum of its weighted projec-
tions on the eigenvectors g; with weights 1/\;,7=1,..., L.

If we simplify the optimization problem by keeping only the
strongest term % (qu L) %in (8) (which is equivalent to using
the approximation R '~ %q I q% of (7) in (6)), we obtain the
rank-1-optimal spreading code

A 1
s £arg  max {(quL)Z} = j:ﬁsgn (g) O

sefir)
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where sgn (-) denotes the sign operator. Hence, we showed that
the rank-1-optimal binary code is simply the minimum-eigen-
value eigenvector of R passed through a sign hard-limiter.
From another point of view, if we follow the common ap-
proach of: i) first relaxing the binary constraint by allowing
s € RL, ||s|| = 1, ii) then solving the relaxed problem to
obtain Sg_opT = ¢, and iii) finally mapping (quantizing)
Sr—_opr = ¢y to the binary field by taking the sign of its
components, then we again obtain the rank-1-optimal binary
spreading code \/_sgn (8Sr_opPT) = \}fsgn (q1) = 81. There-
fore, the relaxation approach in [8], [24] is equivalent to rank-1
approximation of R™"

To obtain a binary spreading code with higher SINR than
SINR (8;1), in this present work we propose to keep the
two strongest terms ;- (.quL)2 b v (3T‘1L71)2 in (8)
or—equivalently—use rank-2 approximation of R~ in (6)
R '~ =447 + 57—491-147 ;- Below, we show that the
rank-2-optimal binary vector can always be obtained with less
than quadratic complexity (less than the complexity required
for the eigendecomposition of R).

We begin by defining the complex vector

1 1
22 —q +j——q; ;. (10)
\/EqL J \/EqL 1
Then, the problem of interest is converted to
1 1
arg  max {)\— (STQL)2 + h\ (3TQL—1)2}
sef{zr )t (AL L1
—arg max {72’}
se{:l:ﬁ v
=arg  max {|s"2|} . (11)
el

In an effort to solve (11) in less than quadratic complexity,
we consider the auxiliary-variable technique that has been
used in a communications theory context before in [25]
and then again in [26]. Let 8 = [s1 s2 sL]T and

z2=[z1 29 zL]T where
B 3 .
a=lale®, -2 <pi<T, i=12.,L (1)

We introduce an auxiliary variable ¢ € [—7
quantity to be maximized as

) and rewrite the

max {Re{s ze 7%} )

pE[—7,m)
{Z s |2i| cos (¢ — @)} (13)
i=1
where Re {-} extracts the real part of a complex number. Then

 Als"zl}

|#72] =
= max

¢e[—7r77'r)

max
sefr)

= max max
1L L pg[—7,m)
se{x 4}

L
Z |zi] max
i=1

s; € :‘:ﬁ

L
{Z si |zi| cos (¢ — ¢i)}

=1

(14)

= max
pE€[—m,m)

{sicos (¢ — ¢:)}
}
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15)

& 1
= @Fi’fﬂ{;'%' 7 o (9 d%)l}
since for any ¢ € [—m,m) the optimal s; value in (14)
is s;(¢) = %sgn(cos(gﬁ—qﬁi)), 1 = 1,2,...,L.
The final quantity Zf=1|zi|%|cos(¢—¢i)| in (15) is
maximized for a particular value ¢opr € [—m,7) and
s (gopr) = [51 (doPT) 52 (PoPT) st (popr)]” is

the rank-2-optimal binary vector we are searching for in (11).
We will now show that we can always construct a set of L

,ur}, u; € {i%}L, and
guarantee that 8 (¢opr) € U. Therefore, the maximization in
(11) can be carried out over a set of L candidates only without
loss of optimality.

Partition Zy, = {1,2,...,L} into

i={izoie [5%)}8‘“‘1

spreading codes U = {uy,uo,...

T 3
=4qi:¢; N =7 -1 16
{L bi € {2, 7 )} r—h (16)
and define the set of angles
PN TS iel, . _
¢1_{¢i—7r, iel, 1=1,2,...,L (17)
such that —3 < ¢A>L < 5,4 = 1,2,...,L
Define, for notational simplicity, the vector op-
eration 8(¢) 2 [$1 (¢)82(h) ... 5L(¢)]" with
§i(¢)—SgH(COS(¢ ¢Z))7Z—1727...7L,(]56[—7’['./71').
Then
w0 el
si@)=1 VE, U i=l2.L (s
— :/Z S Ig,
Consider a mapping e from Zr, to Z, that sorts qASl,qAﬁz,...,a)L:
=5 S Pe1) € Pez) < - < gy < 3 In(14), (15), max-

imization with respect to ¢ can be carried out over any subin-
terval of length . We choose ¢(1) — 5 and ¢(1) + 5 as the
limits of such a subinterval and rewrite the original optimization
problem of (14) as

max {|s z|}
se{xL1"
T b E eyt E) ;|7L welb }{31 costo= o0l
(19)
By examining the subintervals
[435(1)—3 be(2) [(be —%74138(3)—%);---7
[fige(Lq 7¢e(L) [¢e(L) 27033(1)-1-%), we get

(20) at the top of the followmg page. We collect the L binary
vectors that appear in the L cases in (20),

=241 +1-1... -1, i=1,2,...,L
7 L—1
and create the matrix
U2, itz Q1
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[+1 -1 -1 1 =1 dey 3 SO < )~ 3
[+1 +1 -1 =1 —1], de2) =5 <P<ez)— 5
[Ser) (@) Se(2) (0) Seny (9)] = : (20)
[+1 +1 +1 +1 =], der-1) =5 <P <Per) — 3
[+1 +1 +1 +1 +1], der) =5 <P < ey + 5.
whose ith row we denote by d; , i = 1,2,..., L. Then, we and reorganized to U via (22); then, U is found by (24). The
reorganize U o columns of U, wy,us,...,ur, are used to calculate the quan-
. tities w7 R 'uy,ul R 'us, ..., uf R 'uy that are compared
U=lu, 1, a2 = [31 d ... QL} to each other to identify the maximum value among them, say
'u,]TR_luj for some j € {1,2,...,L}. The latter determines
by defining the binary vectors the rank-2-optimal-or-better binary spreading code 8, = u;.
A ~ The described rank-2 single-user spreading code design
d; £ de—l(i), 1=1,2,...,L (22) method may serve as the basis for a multiuser spreading

where e =1 : Z; — Z is the inverse sorting mapping (note that

8(9) € {in iz, ... g} forany ¢ € [duqr) = 5. deir) + 3)):
Finally, we define

Ld, iel,
;2 VET T i1 L (23)
_Td1' [AS 12,
L
and construct
U= [’Uq U ’U.L] é [d1 d2 dL]T - (24)

The set U = {u;,uo,...,ur} contains 8 for any ¢ €

|:q§e(1) — I ey + %) But gopr € [Qge(l) — I ey + %)
which implies that the rank-2-optimal code 8 (¢opT) € U.
Hence, (11) becomes

max
se{x3r}

We conclude that the maximization task in (11) has been
converted to an equivalent linear-complexity maximization
problem in (25). The complexity of the construction of U/ is
dominated by the complexity of the sorting function e which is
of order O (L log, ). Therefore, we have described a method
to obtain the rank-2-optimal binary vector with complexity that
is dominated by the complexity of the eigendecomposition of
the L x L matrix R alone. Given that the rank-2-optimal code
is in U, the proposal

arg {|s"2|} = argns1eeg<{|st|} . (25

8, 2 argmaxs’ R 's (26)
seU

returns the rank-2-optimal solution or better, in the sense that

with nonzero probability &/ may contain a code with higher

output SINR than the rank-2-optimal code.

In summary, the sequence of the proposed calculations is
as follows. The autocovariance matrix R is eigendecomposed
as in (4) followed by the computation of the 2z vector by
(10). The sets I; and I are constructed through (16); the
angles g%l./(j;% .. .,QASL are calculated by (17) and sorted to
¢A>e.(1) < ¢A>e(2) <0 <L qASS(L). Next, U is constructed as in (21)

code set adaptation scheme. In such an approach, each user’s
spreading code is updated one after the other. Since each
spreading code update results in changes to the interfer-
ence-plus-noise statistics seen by the other users, a new update
cycle may follow. Convergence analysis of such an iterative
multiuser adaptation procedure seems to be a worthy endeavor
(pertinent studies for multiuser signature adaptation over the
real field can be found in [27], [28], [10]).

IV. SIMULATION STUDIES

We consider a DS-CDMA system where the user of interest
transmits over an additive zero-mean white Gaussian noise
channel with variance o2 in the presence of K synchronous
interferers. The system processing gain (spreading code length)
is L = 16. The received signal-to-noise ratio (SNR) of the
user of interest, SNR N a%, is set to 10 dB, while the received
SNRs of the K interferers, SNR;, = %, k=1,2...,K,are
uniformly spaced between 8 dB and 11 dB. The interfering
spreading codes are randomly generated.

In our studies, we compare the SINR performance of: i) the
optimal binary spreading code sopt of (6) obtained through
exhaustive search over all possible L-bit combinations; ii)
the rank-1-optimal binary spreading code 8; of (9) obtained
by applying the sign operator on the minimum-eigenvalue
eigenvector of the interference-plus-noise autocovariance ma-
trix [8], [24]; and iii) the proposed rank-2 binary spreading
code 82 of (26) obtained by the procedure developed in Sec-
tion III. For comparison purposes, we evaluate the SINR loss,
SINR (8g-opT) — SINR(8), of 8 = 8opT, 81, and 83 with
respect to the SINR of the optimal real spreading code Sgr-opr
in (5). The results that we present are averages over 1000
randomly generated interference signature-set realizations.

In Fig. 1, we plot the SINR loss of the rank-1, rank-2, and
full-rank-optimal binary spreading codes as a function of the
number of interferers K. Since we are particularly interested
in overloaded systems, we vary K from 16 to 40 interferers. We
observe that the proposed rank-2 binary spreading code exhibits
practically the same loss as the full-rank-optimal binary solution
and together are within about 1.1 dB from the real-valued op-
timal vector.
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SINR Loss (dB)
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— Rank-2 Binary Spreading Code

“““ Full-rank—optimal Binary Spreading Code
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Number of Interferers

Fig. 1. SINR loss of rank-1, rank-2, and full-rank binary spreading code de-
signs versus number of interferers (signature length L = 16).
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Fig. 2. Probability of full-rank optimality of rank-1 and rank-2 binary
spreading code designs versus number of interferers.

In Fig. 2, we plot the probability of global, full-rank, op-
timality Pr{s = sopr} for the rank-1 and rank-2 binary
spreading codes as a function of the number of interferers
K. We observe that 0.23 < Pr{s; = sopr} < 0.43, while
0.75 < Pr{sy; =sopr} < 0.86 as K is varied from 16 to
40 interferers. Therefore, with the proposed optimization of
the binary spreading code under the rank-2 approximation
of the inverse disturbance autocovariance matrix, we have
practically doubled the probability that the designed spreading
code is full-rank optimal with only O (Llog, L) additional
computational cost.

To the extend that neither the rank-1 nor the rank-2 binary
spreading code design is globally optimal with probability one,
the returned codes can potentially be used as the initialization
point of an iterative steepest descent search [22], [24] that
may converge to a (suboptimal in general) spreading code with
higher SINR. In this spirit, we repeated the studies of Figs. 1
and 2 and fed the returned codes 81 and 85 to a Hamming-dis-
tance-1 steepest descent search to produce the improved
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SINR Loss (dB)
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== Rank-1 Binary Spreading Code + Steepest Descent
— Rank-2 Binary Spreading Code + Steepest Descent
------ Full-rank-optimal Binary Spreading Code

0.8 L
16 20 25 30 35 40

Number of Interferers

Fig.3. SINR loss of steepest descent upon convergence with rank-1 and rank-2
binary code initialization.
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Fig. 4. Probability of full-rank optimality of steepest descent search upon con-
vergence with rank-1 and rank-2 binary code initialization.

spreading codes 81 sp and 85 sp, respectively. In Fig. 3, we
plot the SINR loss of 8; sp and 83 sp; in Fig. 4, we plot the
corresponding probabilities of full-rank optimality. The SINR
superiority of the rank-2 approach is maintained. Interestingly,
we observe that Pr {82 sp = 8opr} > 0.9 for any interference
load. For example, when K = 20 the probability of global
optimality is 0.95 for 8, sp (and 0.79 for 81 sp). To examine
the speed of convergence of the steepest descent search, in
Fig. 5 we plot the evolution of the SINR value as a function
of the number of iterations. The SINR of the full-rank-optimal
code sopr is included as reference. We observe that when the
search is initialized at the proposed rank-2 code, convergence
is achieved within a couple of iterations.

V. CONCLUSION

In the broad context of spread-spectrum communications (for
example, CDMA systems) or chip-based signal waveform de-
sign, we considered the problem of adaptively identifying the



3080 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 9, SEPTEMBER 2007

7.75 T : . T : . . . .
/
TTE o memm e —
"""
R4

)

Ch !

o 7.65F ! 1

b4 .l

7] !

1
I
;
1
76r; 1
!’
== Rank-1 Binary Spreading Code
— Rank-2 Binary Spreading Code
----- Full-rank-optimal Binary Spreading Code
755 . . . T I : T : T

0 1 2 3 4 5 6 7 8 9 10
Number of lterations

Fig. 5. SINR of steepest descent with rank-1 and rank-2 binary code initializa-
tion versus number of iterations.

binary code that maximizes the SINR at the output of the max-
imum-SINR filter. The optimal code is a function of the dis-
turbance autocovariance matrix and the optimization problem
is NP-hard. Instead, we developed a new algorithm of less than
quadratic complexity for the computation of the optimal code
under rank-2 approximation of the inverse disturbance autoco-
variance matrix.

As an illustration of practical significance, we demonstrated
the great SINR performance improvement of the proposed
rank-2 adaptive design for overloaded CDMA systems with
unequal user power over the rank-1-optimal adaptive design
which—as we showed—is equivalent to direct hard-limiting of
the minimum-eigenvalue eigenvector of the disturbance autoco-
variance matrix. In fact, the proposed rank-2 design practically
doubles the probability that the returned code is full-rank-op-
timal and when the rank-2 design is used to initialize trivial
Hamming-distance-1 steepest descent, the full-rank optimal
code is reached with probability greater than 0.9 (within three
iterations). Certainly, the proposed adaptive binary code design
may serve well as the initialization point for other, potentially
more sophisticated, iterative binary search procedures.
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