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On Overfitting, Generalization, and Randomly
Expanded Training Sets
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Abstract—An algorithmic procedure is developed for the essence direct applications of stochastic approximation proce-
random expansion of a given training set to combat overfitting  dures [6]-[8]. The theory of stochastic approximation indicates
and improve the generalization ability of backpropagation trained {4t these methods provide strongly consistent optimization [9].

multilayer perceptrons (MLPs). The training set is K-means . o . )
clustered and locally most entropic colored Gaussian joint In other words, given an infinite sequence of input—output pairs

input—output probability density function (pdf) estimates are drawnfromsome jointprobability distribution function (pdf), the
formed per cluster. The number of clusters is chosen such that the induced sequence of network designs converges with probability
resulti.ng overall colored Gaussian mixt'ure exhibits'minimum G!if- one to a locally optimum design (in general global optimization
ferential entropy upon global cross-validated shaping. Numerical - a0t he guaranteed for nonlinear systems). This optimality is
studies on real data and synthetic data examples drawn from the . . S ,
literature illustrate and support these theoretical developments. Str'Ctly_W_'th respect to t_he training mput—outpu_t vectors’ pdf. If
the training sequence is drawn from the true input—output pdf,
then local optimality is achieved in the minimum generalization
error sense with probability one. Of course, in real-life applica-
tions the network designer is provided with only a finite set of
training examples. Then, “data recycling” leads to the assign-
. INTRODUCTION ment of excessive probability mass on the exact points of the

ULTILAYER perceptron (MLP) networks have beentraining set. As aresult, the neural network “concentrates” more
used extensively in the past for the functional approxﬁnd more on these excessively weighted examples at the expense

mation of continuous nonlinear mappings. For a given netwofi POOr generalization ability (overfitting). _
structure the MLP can be viewed as a nonlinear parametrically! he estimation of the generalization performance of MLP’s is
described function. Successful functional approximation d@-Problem of fundamental significance with great implications
pends on the appropriate selection of the parameter values. TRi§1€ theory and applications of neural networks. A somewhat
selection is usually made through supervised learning wherstgndard statistical technique for coping with the generalization
training set of input—output pairs is available and the netwo@¢ror is cross-validation The available training set is divided
is trained to match this set according to some prespecifigﬂo subsets: th&aining setand thevalidationor test set The
criterion function. When the criterion function is the sum oflata in the training set are used during the learning stage for the
squared errors, the corresponding algorithm is the well-kno/twork adaptation, while the data in the test set are reserved
backpropagation (BP) training procedure [1], [2]. for performance evaluation upon training (exactly as with group

The operational performance measure for the trained netwépethod of data handling (GMDH)-type algorithms [10]). To
is the error on future data outside the training set, also knowna@hieve statistically significant results, several independent data
generalization error. This error may be undesirably large wheiplits must be performed followed by lengthy training times.
for example, the available training set size is too small in conthe single-split alternative with test-error monitoring comes
parison with the network parameter set size. Practice has shoWjif! @ significant waste of data (data in the test set are never
that direct minimization of the training error for a given fixed/Sed in the training procedure).
training set obtained by BP-type learning algorithms does notGiven these limitations of the cross-validation method, there
necessarily imply a corresponding minimization of the generdlave been several attempts (for example, see [11]) toimprove the
ization error. Even worse, in most reported cases the decreasggteralization ability of MLPs by an automatic architecture se-
the generalization error exhibited during the first few successil@€tion process through the use of Akaike’s information criterion
passes through the same set of examples (usually called epoH%} or Rissannen—Schwarz’s minimum description length [13],
may be followed by a steady increase. In the neural network Ii£4]: or Barron’s predicted square error (PSE) [15] criterion. All
erature this phenomenon is usually referred to as “overfitting?hese criteria lead to expressions that are linear in the number

Recently, itwas noted[3], [4]thatthe algorithmsthatuseinstaft free network parameters and are motivated by the theory of
taneous estimates ofthe error function to adaptsystem paramefBRar systems (for example, autoregressive or moving average

(such as BP [1], [2] or Rosenblatt’s perceptron rule [5]) are #odels). Their optimality is based on.the_ assumed Iinearity of
the underlying system and the Gaussianity of the error signals.
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signals, the mean square error (MSE) surface does not have ihet g(-; w) : R™ — R! be a continuous mapping parametri-
general a unique minimum as in the linear system models. cally described iw € R<. The objective is to usg(-; w) to ap-

In view of these difficulties, researchers have followed proximate;(-) in the MSE sense. More precisely, we wish to uti-
variety of different approaches known @suning! weight lize the available sequence of ddf#&, } 22, to identify a param-
sharingz and complexity regularizatiod In this paper eter vectorw® € R¢ such that the MSEy, ., {||g(X; w?) —
we look at the same problem but from a different—yeY||?} is minimized whereEy, . {-} denotes statistical expec-
synergistic—point of view. We proceed with a random genetation with respect to the joint pdfix v of the random variables
alization/expansion of the available finite training set. UpoX (input) andY (output). In other words
choosing appropriately the distribution characteristics of the
random expansion process, an infinite sequence of artificial w’ = argmin Ep , {||lg(X;w) — Y|*}. 1)
training input—output vectors is created which—when used w
for network training—is expected to combat overfitting. A
related concept—as we will see in the sequel—was origina )(/at ¢[(§’Y)’W] - Vw(llg(X;w) — Y|I*) and
suggested in [18] and [19] in the form of adding “noise” td/(W) = Epx +{¢[(X,Y), w]}. In general,M(w) = 0
the training set. In particular, additive white Gaussian noidis multiple roots for an arbitrary nonlinear functignlf ¢
to each training input—output vector was considered in [20p @ root, then under regularity condition$(¢) = 0 implies
based on the Parzen-Rosenblatt estimate [21]-[23] of the tt¥e £/x v {ll9(X;60) — Y|[*?} = 0 and, thereforef is an
input—output vector density. Instead, in this work we proposeg4tremum of the examined MSE surface.
locally most entropic estimate of the trjsént input—outpupdf. If {an}72, is @ sequence of positive monotone decreasing
Expansion of the training set can then be achieved by drawidgalars such thaf>>> | a2 < oo and) )" «, = oo, and
new random training vectors from this density estimate. The: € R is an arbitrary initial vector, then
new training set is seen to avoid overfitting and improve the
generalization ability of MLP networks when BP learning Wit = W — anP(Zn, Wn), n=12,... )

is applied. We conclude with the comment that the randoaw i : oo .
expansion of the training set pursued in this work treats ea fines a (nonstanonar_y) Mark_o_v chafiw,, )2, In_ [6] it was
wn that under certain conditiong,, converges in the mean

input—output pair in the training set as an integral vector and® S
acpcounts I;‘)or t?le joint input—out?)ut distribution t%at governs i%quare Sense toarootof the equaMﬂw) — 0 anq miniMIzes
formation. This is in contrast to the work in [18]-[20] wherd € MSE. W|th.re'spect to the underlilng distributif,y = /fz
independent noise is added to the input and output compone‘?{téhe given infinite sgqugnc«ﬂn}n:l. Conyergenpg o, )
and in sharp contrast to Tikhonov regularization procedurts @ minimum (or oscillation between multiple minima) with
that were shown to be equivalent to training with additive noidgoPability one was shown, under more general conditions, in
to the input only [24], [25]. It is also satisfying to observe thadl- . . i i
the additive-white-noise estimate [20] or the colored-Gaussian-t US now consider an MLP network with |(r11putd|mensmn
density estimate [26] can be viewed as extreme special case@¥f output dimensiohand letg(-; w), w € R, represent the
the proposed locally most entropic estimation approach.  InPut-output operation of the network, wheves the parameter
The rest of this paper is organized as follows. Section I yector that includes all network W_e|ghts and thresholds. Given a
devoted to probabilistic, stochastic-approximation-based andfta sequenci,, =2, , we can train the network through (2) to
ysis of training set expansion methods for generalization ifiinimize the MSEE ., . {|l9(X; w)—Y/|*}. The resulting pro-
provement. In Section Il we propose an information theoretﬁ?dure is theorencally equivalent to the fam|I|§1r BP algom‘hm.
approach to the problem of random expansion of the trainir%nce MLP’s are nonlinear structu_re_s, recursion (2) will in gen-
set. Supporting simulation results for functional approximatid#f @l lead the network to a local minimum of the MSE surface.

problems are presented in Section IV, Finally, some conclusionXf course, in reality only a finite data s¢Z, },,—, is avail-
are drawn in Section V. able and limited availability of data is commonly treated by data

recycling. Data recycling means that the data{@t}_; is re-
peatedly fed to the network through recursion (2), either in the
original order or after shuffling. We recall that in the neural-net-
Let {Z,};2, be a sequence of identically distributedvork literature each pass over the data set is known as an epoch.
and statistically independent random vectors where eaghis important to observe that infinite data recycling, that is
Z, = (X,,Y,) e R X, e R andY,, = ¢(X,,) € RY, training with infinitely many epochs, corresponds to system op-
is viewed as an input-output pair measurement from &ization with data drawn from the density function
unknown continuous nonlinear mappigg R™ — R

Il. TRAINING VERSUSGENERALIZATION ERROR

I
1
1Pruning is the process of eliminating connections from a fully connected f/z(z) = N Z 5(Z - Zn) (3)
and trained MLP. After this, the reduced size network is retrained. A survey of n=1
pruning algorithms can be found in [16]. ] . )

2The idea behind weight sharing [17] is to arrange the hidden layer nodesthereé(-) denotes the delta generalized function. This obser-

groups with common weight values, where each group processes only a lagation offers a direct statistical interpretation of overfitting phe-
region of the input.

3Complexity regularization methods add a second term to the usual sum-of4The BP algorithm evaluates efficiently the gradient of the norm-square-error
square-error criterion function. This additional term may penalize the existengg, -) through an ordered sequence of partial derivatives that accounts for the
of a large number of weights, or of large-valued weights, or both. specific MLP architecture.
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nomena. Indeed, direct substitution of (3) in (1) shows that netas effectively set to be a Gaussian density with zero mean and
work training through (2) leads to convergencesgf to w® =  covariance matrix equal to the identity matrix. We note that (7)
arg min,, Zf:;l llg(Xn; w) — Y,||?, where(X,,,Y,) = Z,, is also known as the Parzen—Rosenblatt estimate [21], [22] of
forn =1,2,...,N. Of course,sz=1 llg(Xn; w) —Y,|*is the true training vector densitfx v and in [23] it was shown
what we call the “training error” of the network to the giverthat, for eacts € R, fy ,(z) — fx v (z) in probability as
training set{Z, }>_, and we conclude that data recycling ofV — co under some general conditions.
this form leads to the minimization of the training error. How- Another approach was considered in [26] in a different con-
ever, no attempt is made whatsoever to project in any reasondbhki, where a colored Gaussian pdf with a sample average mean
way data characteristics outside the given set. vector and a sample average covariance matrix estimate was
Theoretically, to minimize the generalization erroused for the approximation of the true distribution of a given
Er Allg(X;w) — Y||?} of the network we need an infi- finite population. In the following section we develop a new
nite data sequenciz,, }52; drawn from the true input—output methodology for the random expansion of a given training set
distribution fx v of the unknown mapping. In the sequel, we that encompasses these two previous pdf estimation procedures
focus on finite training sets and based on a given finite setwe wigh special extreme cases.
to develop alternatives to th& (z) density function in (3), say

f)((l)Y such thattraining with data drawn frofﬁ‘)Y may prevent [ll. LOCALLY MOST ENTROPIC EXPANSION OF THE
overfitting and lead to networks with superior generalization TRAINING SET

ability. Along these lines, it was shown in [20] that We begin this section with two propositions that set the stage

for later developments. The first proposition comes directly

sup | By {lg(Xsw) — Y%} from information theory [27].
v ’ Proposition 1: The pdf that maximizes the differential
— Epc v {llo(Xsw) = Y|1*} (Shannon) entropya(f) 2 — [4... f(z)log f(z)dz over
o Y all pdfs f with support setR™*!, mean vectolU € R™*,
< Ce(lfxy — fxxll)= (4) and covariance matrixi,, 1)x(mts is the (m + 1)-di-

. mensional normal density with these moments, denoted b
where|| - ||; denotes the.; norm with respect to the Lebesgue y ' y

measureg is a positive constant, and. > 0 is a scalar that fup = N(U, R) where
depends onr. Given that [27] 1

-+ —t@UTR'(z-U)
1 Fe(®) = e ®)
D(fillf2) > m“fl—fQH% (5)
n for anyz € R™*! (the superscript’ denotes the vector trans-
where D(f1 || f2) denotes the relative entropy [also known agose operation andz| denotes the determinant &). O
the Kullback-Leibler (K-L) distance] between two arbitrary To meet the special needs of the problem that we investigate
pdfs f; and f>, we obtain in this work, we find it necessary to attempt a generalization of
the well-known result of Proposition 1. Along these lines, let
sup ‘Efm {llg(X, w) — Y||*} us assume that a data veckbbmay come from either one df
w v “hypothesesH,, H», ..., Hg, with corresponding prior proba-
— B Allg(X, w) — Y|} bilities 71, 7o, . .., . Let us also assume that each hypothesis

Hy, k= 1,2,... K, represents local input—output data char-

acteristics in a subset of the overall input—output sage

that occurs with probability,, £ = 1,2, ..., K. The following

whereK, = C.-(21n2)</2(%9) is a positive scalar that dependsorppositiog Iaysf, thehfoundgtion forthe (_jevelfopn"_nent ofasystem-

on . This inequality shows tha ., {[lg(X;w) — Y|} — atic procedure Qrt e random expansion of a given training set.

I’y Proposition 2: We consider a random data vectérthat,

Epe v {ll9(X;w) — Y[|?}| can be made small by designing awith probabilitys:, comes from hypothesi;, with support set

density fun(:tior]f)(g‘)Y such that the K-L distance betweﬁf‘gi)Y R™H meanU;, and covariance matrigy, k = 1,2, ..., K.

and the true densitﬁxx is minimized. 7 Enforcing the constraint of maximum differential entropy under
In [20] it was argued that the generalization ability of &very hypothesiéi;, k = 1,2,..., K, the unconditional pdf of

BP-trained neural network can be improved by introducing is the Gaussian mixture

additive noise to the training samples. In the framework of our X

presentation this corresponds to a network trained with samples _

drawn from the pdf JLME = Z N (Uy, Ri) 9)

<k D(By AT ©

k=1
N . .
1 1 z— 7, that we call the locally (or conditionally) most entropic (LME)
fne(e) = > prn < . ) (") density. =
=t Consider now a finite set{Z,})_, of samples
where K (-) is a pdf “kernel” ands > 0. In particular, since Z, = (X,,Y,) € R™* that is given to us for the

additive white Gaussian noise was considered in [20], the kermiglining of an MLP network. For a giveR, we proceed with



KARYSTINOS AND PADOS: ON OVERFITTING, GENERALIZATION, AND RANDOMLY EXPANDED TRAINING SETS 1053

the partitioning of the available training set info clusters lection of the variance parameter in (7) for the simple white
Cyx,k=1,2,...,K,using some minimum distortion clusteringGaussian kernel case [20]). We assume first that 1. Then,
procedure [35]. To establish a correspondence in terminolofyy each cluste€;,, k = 1,2, ..., K, we form the pdf

with Proposition 2, let hypothesid;. refer to data membership 1 o
in clusterCy,k = 1,2, ..., K. Let N}, be the number of data Iz/z¢c, = NN, Z N; -N(U,, R;),

vectorsZ = (X,Y) in clusterCy, k = 1,2,..., K. Unbiased Ttk j=1

estimates for the parametdig,, Ry, andni, bk =1,2,... K, a7k

in (9) can be readily obtained in the form of sample averages k=1,2,..,K (14)

[28] as seen in (10)=(12), shown at the bottom of the pages the mixture of the “other-cluster” estimates. We denote the
We note that for the single-vector cluster c48é, = 1), N0 gyerall,,-parameterized LME density by

unbiased estimate fdg; can be defined an&,, is forced to be

equal to thgm + 1) X (m + 1) zero matrix0,,+1yx (m-+1)- 1 & oA

Under the optimality criterion of maximum entropy per local Jou = N Z NN (UJ’ UMRJ) , k=12 K
cluster, the core concept of this present work is the proposal for i=1
MLP training with data drawn fronfT g, defined as an esti- (15)

mate of (9) via (10)—_(12). Certainly, sevgral aspects of this prgnq we letCy, denote the cluster th&, belongs ton =
posed process require further examination. Namely, 1) the pgsy . Under the assumption of statistically independent

sibility of facing noninvertible estimate&;; 2) an optimality aining vectors, we calculate the following joint densities:
criterion for the automatic selection of the number of clusters
A

K; and 3) the design of a simple and effective implementatiory*(zl, Zo,...,ZN) =

procedure that relies only on trivial random number generators, f (21,2 Zy)

are all issues of great importance. Z"ZQ"‘;’ZN/Z‘gc’(l’zﬁc’(”“’zw%c” &2 BN
We beginwith asuggested generalization ofthe covariance ma- A

trix estimator in (13), shown at the bottom of the page, wiiése - 1—[1 f2/2¢Crc, (20) (16)

the identity matrix. We note that wherf, = 1ando%,,;, =0 4 "

for all &, (13) degenerates to (11) and whe?g,ﬁk = 0 at least N

m + | data samples need to bedh for the cluster covariance fi (z1,22,...,2n) = H Jors (Z0). (17)

matrix estimate?;, to be invertible with probability one[29]. Oth- foler

erwise, some strictly positive val _isnecessarytoachieve . . .
yp u%hk y Finally, we choose the,; > 0 value that is the minimum root

invertibility. In engineering practice this biasing ofthe covariancef the equation
matrix estimator has been known as diagonalloading (DL). In tﬁe q

context of our presentation diagonal loading (that is a choice of F(Z1,2Zs,...,ZN) = fi (Z1,Zs,...,ZN). (18)
0., > 0) is equivalent to white Gaussian noise expansion of ’

the cluster data about their me&h,, with variancea,%Lyk. Since no cross-validated pdf [according to the setup in (14)] can

The other parameter3, in (13) offers the opportunity for bi- be defined for the cask' = 1, the valuery; = 1 s forced for

asing the “peakedness” of the Gaussian mixture distribution {}S case. N
(9) whena?, # 1 is chosen. For the selection af; we pro- For the development of an algorithmic procedure that selects

pose a method based on equal likelihood cross-validation at fife @PPropriate” value for the number of clustéfswe propose
cluster level (maximum likelihood cross-validation [31][33] & Minimum entropy choice (criterion) among all LME pdf solu-
ans foreach € {1,2,..., N}. This criterion is described as

has been used extensively in the past, for example for the u
follows.
Criterion 1 (Min Entropy LME Rule):For a given training
5Another worth investigating procedure for maximum-likelihood selectiogata set of sizeV, the minimum-entropy optimum value of

of the shaping parameter,; may be expectation-maximization (EM) [30]: . .
onm = argmax, ,, E{log fuur(2z/0)} where the expectation step drawsthe number of cluster&’ € {1,2,..., N} is defined as the

data from the original training set. value that induces an LME density functigiiyg with min-
N 1
U, = — =
k Nk Z va k 17 27 ) K (10)
Z,,CCy
L N N
Ry = { %=1 27, c0, (Zn = Ur)(Zn — Ui)", Ni > 1 L k=1,2,... K (11)
O(rn,—l—l)x(rn,—l—l)v Nk =1
AL A I (12)
Tk = N ’ e e R e

. 2 1 — 1. —UNT 2 !
Rk(O’M,O’DL,k) _ {UM |:Nk—1 Zzneck(zn Ui)(Zn — Uy) +O—DL,kI:| ;o Ne > 1_ (13)

2 2 —
O—J\lO—DL,k-lv Nk =1
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imum differential entropyr(frme). We recall that for every IV. NUMERICAL AND SIMULATION STUDIES
K e {1,2,..., N} the LME density function is defined by (9)

through (10), (12), and (13)—(18). To illustrate the theoretical developments in the previous sec-

. . . tions, we examine three different examples that involve the es-
ngeral clustering procedures exist for the pgrutlomng_oftﬁnation of an unknown nonlinear mapping by a given MLP,
setinto K clusters. Arguably, thé-means algorithm [.36] 'S Two synthetic data examples are taken directly from the per-
WHent literature [20], [34] and a real data case study is drawn

to converge with prob_ablllt_y one to_ a local mihimum Of_th(?rom stock market financial records. In all cases the objective
sum-of-squared-erromistortion function. For finite sets of Siz€ i o study the generalization behavior of a given MLP under 1)
N, to obtain a distortion value close to the globally minimu

| f the batd d b Mtandard multiple-epoch BP training; 2) BP training with addi-
severairuns ot the batai-means procedure may be necessaerVe white Gaussian noise (AWGN) as in [20]; and 3) BP training
each one starting from a different initial set of clusters out

- - ; - QUith LME training set expansion as proposed in this work.
theS\) = (1/K1) Y1 (= 1)X*(X) &~ possible initial set 9 P prop

combinations [37].

. . - A. Single-In ingle- Exampl
For a given K-cluster partition of the training set, com- Single-Input/Single-Output Example

putation of the underlying differential entropy(fLye) =  We revisit the sinusoidal function example in [20]
—me+z fLME(Z) 10gfLME(Z) dz = —Ey ¢ {1ngLME(Z)}
requires (m + [)-dimensional integration which is not f(z)=04sinz+0.5, ze€R. (20)

always feasible. In such cases, Monte-Carlo sample-av-
erage calculation through data points drawn fromfLyg, As in [20], we generateV = 36 independent input-output
hfivme) = —(1/J) Z;Lllog fume(Z;), is a practical vectorsZ, = (X,,Y,),n = 1,2,...,36, with X, uni-
alternative. formly distributed on[—=,#] andY,, = f(X,.) + ., where
To summarize briefly the developments so far in this secn ~ N(0,02,) accounts for “observation noise” with
tion, given a data seftZ,, }2_, for the training of an MLP we variances2, . = 10~2. The resulting training set instance can
consider the following general procedure: First, ugoimeans be seen in Fig. 1. The network used in [20] for this estimation
clustering for a given number of clustef§ € {1,2,...,N}, problem was a 1-13-1 feedforward MLP network with activa-
we estimate from the data the LME pfifyie(K) given by (9), tion function1/1 + ¢~*. The same MLP is considered here and
(10), (12), and (13)—(18). Then, we optimize with respect to ti@l network parameters are randomly initialized uniformly on
number of clusteré according to Criterion 1 and we identify [—1/2,1/2]. First, we perform standard BP training using the
the minimum entropy LME pdfye-1.mE. Finally, we proceed same 36-point training set of Fig. 1 during all epochs. Next, we
with conventional MLP training (BP for example) with randonmapply the AWGN method of [20] where the original training set
training data drawn fronfyge-rve. It is satisfying to observe is used only during the first epoch= 1, and then, for future
that for implementation purposes no special purpose randepochs,: > 1, 36 new random training data are generated
vector generator is needed. To draw d&&, i = 1,2,..., per epoch according &%) = Z, + u® n = 1,2,...,36,
from clusterk € {1,2,..., K} with pdf A'(Uy, R;,) whereU;, whereu® ~ A(0,021), I is the 2 x 2 identity matrix
and R, are given by (10) and (13), respectively, we write ando? = 0.0262 is chosen as in [20] (maximum likelihood
cross-validation). Finally, we implement the proposed LME
‘ . o training set expansion procedure, that for the data set of Fig. 1
29 = Uy, + Lys® (19) results toK = 11 clusters (identified in Fig. 1) ane?, = 0.03.
Indeed, Fig. 2 shows the differential entropy of the LME density
where s is an independently identically distributedfor the given data set far < K < 21. According to Criterion
(i.i.d.) vector sequence drawn froW(0,1) and Ly is 1, K = 11 appears to be the most appropriate selection. The

the Cholesky lower triangular matrix from the decompositiogriginal training se,,,» = 1,...,36 is used during the first
of the—possibly diagonally loaded by, . and preshaped by epoch;; = 1, and for each future epoch> 1, 36 new random
o3 ,—covariance matrix estimaté,, for clusterCy, in (13). In training dataZﬁZ’),n = 1,...,36 are generated according to

other words,L;, is such that;,, = Jikﬁ:,f. Of course, during (19) and the cluster membership of the corresponding original
MLP training data utilization per cluster maintains the relativdata pointZ,,. In Fig. 3 we plot the target sinusoid function in
frequency ratioN, /N = &, k = 1,2,..., K, in (12). As (20) together with the original training set points and the MLP
discussed in Section I, stochastic approximation argumemtstimate derived after 100 000 epochs by standard BP training,
[3] show that if we train an MLP by such an infinite, randomlyAWGN training as in [20], and LME training as proposed
expanded training set we achieve strongly consistent M3$iErein.
minimization under th¢\g-L.vE joint input—output pdf. Fig. 4 shows the induced generalization error as a function of
We conclude this section with the comment that this newthe training epochs which is calculatedalyticallyfor all three
developed random training set expansion procedure covers tiethods. The error on the original training set of all procedures
approaches in [20] and [26] as special and extreme cases.i$malso included as a reference. For increased credibility, the re-
deed, in our setup the work in [20] is tHé = N case, while sults in Fig. 4 are averages over 20 independent experiments.
the work in [26] is theK = 1 case. The following section is While the training error under the standard BP method steadily
devoted to overfitting and generalization performance compaeduces, the generalization error increases rapidly. On the other
isons. hand, both the AWGN and the LME method avoid overfitting
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Fig. 2. Differential entropy of the LME pdf versus number of clusters for the
data set of Fig. 1. Fig. 4. Generalization error per epoch for the training techniques considered

in Example A (the results are averages over 20 independent experiments).
with the latter leading to network designs with superior gener-
alization ability. Itis interesting to observe that the LME genepercube and zero-mean unit-variance Gaussian “observation”
alization error is significantly lower than the LME error on thenoise is added. The training set consist&of= 80 input—output
original training set and, in fact, is lower than the standard Bdata vectors that we use to train a 10-10-1 network using all three
training error over as many as 90 K epochs. methods of interest, exactly as in Example A. Our studies for

AWGN training set expansion indicated significant sensitivity
B. Multiple-Input/Single-Output Example to the selection of the noise variance. In fact, for acceptable per-

The following function was used in [34] in the context oformance we had to tune and fix the variancerat= 1077,
multivariate adaptive regression: as opposed to the maximum likelihood cross-validation values
prescribed in [20]. The generalization performance of instances
of the trained networks was estimated by numerical calculation
1+ ¢ 20(2-05) of thetest erroron 10 000 new random input—output data vec-
+ 2x4 + x5, [371372 ... xlo]T € [0, 1]10. tors.
(21) Fig. 5 presents théest errorand the error on the original

80-point training set for all three networks as a function of the
This function exhibits nonlinear additive dependence in the firsgining epochs. The results shown are averages over 20 in-
two variables, linear dependence in the next three, and it is ttependent experiments. Standard BP overfits undesirably and
tally independent of the last five variables. The ten input varBWGN expansion does not avoid overfitting completely. For the
ables are generated independently and uniformly in the unit yYME method, the test error is again lower than the training error.

flz1, ..., x10) = 0.1le** + + 3z3
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were obtained by tuning the variancesth = 102 (as opposed

to the variance value 0.0477 suggested by the cross-validation
method in [20]). For the LME method we havé = 2 and

o2, = 0.062.

The results presented in Fig. 6 are averages over 20 net-
work training procedures with independent random network
initializations. We notice that both the conventional BP and
the AWGN expansion method overfit the training set, while
LME expansion avoids overfitting and maintains a significantly
lower test error.

V. CONCLUSION

Theoretically, the minimization of the generalization error
of a BP-trained MLP requires an infinite sequence of training
data drawn from the true joint input—output probability distri-

Fig.5. Generalization error per epoch for Example B (the results are avera§ifion. Given a finite training data set, data recycling—that is

over 20 independent experiments).
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training with the same data over and over again—minimizes
the error on the exact points of the training set as if all of the
joint input—output probability mass were concentrated on these
points. In the neural network literature this behavior has been
usually referred to as overfitting.

In search of training procedures that may combat overfitting
and lead to improved MLP generalization ability, in this work
we proposed{-means clustering of the given finite training set.
Then, upon establishing the most entropic colored Gaussian pdf
estimate per cluster, the overall unconditional joint input—output
pdf estimate takes the form of a mixture of colored Gaussians.
To optimize the partitioning of the given training set with respect
to the number of clusters, we proposed to choose the number of
clusters that results to the least entropic Gaussian mixture upon
equal-likelihood cross-validated shaping.

The numerical studies of Section IV on synthetic and real data
showed significant resistance to overfitting over conventional
data-recycling BP training and artificially AWGN infected BP

Fig. 6. Generalization error per epoch for Example C (the results af#aining. In fact, no overfitting was recorded in the sense of an
averages over 20 independent random network initializations and training ﬁ%reasn']g genera“zaﬂon error over extended tralnlng penods

expansions).

C. Real Data Example

We retrieve quarterly financial data of the Coca-Cola Com- [1]
pany, beginning with the first quarter of 1989 and ending with
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