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On Overfitting, Generalization, and Randomly
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Abstract—An algorithmic procedure is developed for the
random expansion of a given training set to combat overfitting
and improve the generalization ability of backpropagation trained
multilayer perceptrons (MLPs). The training set is -means
clustered and locally most entropic colored Gaussian joint
input–output probability density function (pdf) estimates are
formed per cluster. The number of clusters is chosen such that the
resulting overall colored Gaussian mixture exhibits minimum dif-
ferential entropy upon global cross-validated shaping. Numerical
studies on real data and synthetic data examples drawn from the
literature illustrate and support these theoretical developments.

Index Terms—Backpropagation, clustering methods, entropy,
Gaussian distributions, multilayer perceptrons (MLPs), stochastic
approximation, stochastic processes.

I. INTRODUCTION

M ULTILAYER perceptron (MLP) networks have been
used extensively in the past for the functional approxi-

mation of continuous nonlinear mappings. For a given network
structure the MLP can be viewed as a nonlinear parametrically
described function. Successful functional approximation de-
pends on the appropriate selection of the parameter values. This
selection is usually made through supervised learning where a
training set of input–output pairs is available and the network
is trained to match this set according to some prespecified
criterion function. When the criterion function is the sum of
squared errors, the corresponding algorithm is the well-known
backpropagation (BP) training procedure [1], [2].

The operational performance measure for the trained network
is the error on future data outside the training set, also known as
generalization error. This error may be undesirably large when,
for example, the available training set size is too small in com-
parison with the network parameter set size. Practice has shown
that direct minimization of the training error for a given fixed
training set obtained by BP-type learning algorithms does not
necessarily imply a corresponding minimization of the general-
ization error. Even worse, in most reported cases the decrease of
the generalization error exhibited during the first few successive
passes through the same set of examples (usually called epochs)
may be followed by a steady increase. In the neural network lit-
erature this phenomenon is usually referred to as “overfitting.”

Recently, itwasnoted[3], [4]thatthealgorithmsthatuseinstan-
taneousestimatesof theerror functiontoadaptsystemparameters
(such as BP [1], [2] or Rosenblatt’s perceptron rule [5]) are in
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essence direct applications of stochastic approximation proce-
dures [6]–[8]. The theory of stochastic approximation indicates
that these methods provide strongly consistent optimization [9].
In other words, given an infinite sequence of input–output pairs
drawn fromsome jointprobabilitydistribution function (pdf), the
induced sequence of network designs converges with probability
one to a locally optimum design (in general global optimization
cannot be guaranteed for nonlinear systems). This optimality is
strictly with respect to the training input–output vectors’ pdf. If
the training sequence is drawn from the true input–output pdf,
then local optimality is achieved in the minimum generalization
error sense with probability one. Of course, in real-life applica-
tions the network designer is provided with only a finite set of
training examples. Then, “data recycling” leads to the assign-
ment of excessive probability mass on the exact points of the
training set. As a result, the neural network “concentrates” more
and more on these excessively weighted examples at the expense
of poor generalization ability (overfitting).

The estimation of the generalization performance of MLP’s is
a problem of fundamental significance with great implications
in the theory and applications of neural networks. A somewhat
standard statistical technique for coping with the generalization
error is cross-validation. The available training set is divided
into subsets: thetraining setand thevalidationor test set. The
data in the training set are used during the learning stage for the
network adaptation, while the data in the test set are reserved
for performance evaluation upon training (exactly as with group
method of data handling (GMDH)-type algorithms [10]). To
achieve statistically significant results, several independent data
splits must be performed followed by lengthy training times.
The single-split alternative with test-error monitoring comes
with a significant waste of data (data in the test set are never
used in the training procedure).

Given these limitations of the cross-validation method, there
have been several attempts (for example, see [11]) to improve the
generalization ability of MLPs by an automatic architecture se-
lection process through the use of Akaike’s information criterion
[12], or Rissannen–Schwarz’s minimum description length [13],
[14], or Barron’s predicted square error (PSE) [15] criterion. All
these criteria lead to expressions that are linear in the number
of free network parameters and are motivated by the theory of
linear systems (for example, autoregressive or moving average
models). Their optimality is based on the assumed linearity of
the underlying system and the Gaussianity of the error signals.
Unfortunately, both assumptions are violated in the context of
neural networks. Moreover, the number of free system parame-
ters does not determine uniquely the neural network architecture
and even if we choose to accept the Gaussianity of the pertinent
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signals, the mean square error (MSE) surface does not have in
general a unique minimum as in the linear system models.

In view of these difficulties, researchers have followed a
variety of different approaches known aspruning,1 weight
sharing,2 and complexity regularization.3 In this paper
we look at the same problem but from a different—yet
synergistic—point of view. We proceed with a random gener-
alization/expansion of the available finite training set. Upon
choosing appropriately the distribution characteristics of the
random expansion process, an infinite sequence of artificial
training input–output vectors is created which—when used
for network training—is expected to combat overfitting. A
related concept—as we will see in the sequel—was originally
suggested in [18] and [19] in the form of adding “noise” to
the training set. In particular, additive white Gaussian noise
to each training input–output vector was considered in [20],
based on the Parzen-Rosenblatt estimate [21]–[23] of the true
input–output vector density. Instead, in this work we propose a
locally most entropic estimate of the truejoint input–outputpdf.
Expansion of the training set can then be achieved by drawing
new random training vectors from this density estimate. The
new training set is seen to avoid overfitting and improve the
generalization ability of MLP networks when BP learning
is applied. We conclude with the comment that the random
expansion of the training set pursued in this work treats each
input–output pair in the training set as an integral vector and
accounts for the joint input–output distribution that governs its
formation. This is in contrast to the work in [18]–[20] where
independent noise is added to the input and output components
and in sharp contrast to Tikhonov regularization procedures
that were shown to be equivalent to training with additive noise
to the input only [24], [25]. It is also satisfying to observe that
the additive-white-noise estimate [20] or the colored-Gaussian
density estimate [26] can be viewed as extreme special cases of
the proposed locally most entropic estimation approach.

The rest of this paper is organized as follows. Section II is
devoted to probabilistic, stochastic-approximation-based anal-
ysis of training set expansion methods for generalization im-
provement. In Section III we propose an information theoretic
approach to the problem of random expansion of the training
set. Supporting simulation results for functional approximation
problems are presented in Section IV. Finally, some conclusions
are drawn in Section V.

II. TRAINING VERSUSGENERALIZATION ERROR

Let be a sequence of identically distributed
and statistically independent random vectors where each

and ,
is viewed as an input–output pair measurement from an
unknown continuous nonlinear mapping .

1Pruning is the process of eliminating connections from a fully connected
and trained MLP. After this, the reduced size network is retrained. A survey of
pruning algorithms can be found in [16].

2The idea behind weight sharing [17] is to arrange the hidden layer nodes in
groups with common weight values, where each group processes only a local
region of the input.

3Complexity regularization methods add a second term to the usual sum-of-
square-error criterion function. This additional term may penalize the existence
of a large number of weights, or of large-valued weights, or both.

Let be a continuous mapping parametri-
cally described in . The objective is to use to ap-
proximate in the MSE sense. More precisely, we wish to uti-
lize the available sequence of data to identify a param-
eter vector such that the MSE

is minimized where denotes statistical expec-
tation with respect to the joint pdf of the random variables

(input) and (output). In other words

(1)

Let and

. In general,
has multiple roots for an arbitrary nonlinear function. If
is a root, then under regularity conditions implies

and, therefore, is an
extremum of the examined MSE surface.

If is a sequence of positive monotone decreasing
scalars such that and , and

is an arbitrary initial vector, then

(2)

defines a (nonstationary) Markov chain . In [6] it was
shown that under certain conditions, converges in the mean
square sense to a root of the equation and minimizes
the MSE with respect to the underlying distribution
of the given infinite sequence . Convergence of
to a minimum (or oscillation between multiple minima) with
probability one was shown, under more general conditions, in
[9].

Let us now consider an MLP network with input dimension
and output dimensionand let , represent the
input–output operation of the network, whereis the parameter
vector that includes all network weights and thresholds. Given a
data sequence , we can train the network through (2) to
minimize the MSE . The resulting pro-
cedure is theoretically equivalent to the familiar BP algorithm.4

Since MLP’s are nonlinear structures, recursion (2) will in gen-
eral lead the network to a local minimum of the MSE surface.

Of course, in reality only a finite data set is avail-
able and limited availability of data is commonly treated by data
recycling. Data recycling means that the data set is re-
peatedly fed to the network through recursion (2), either in the
original order or after shuffling. We recall that in the neural-net-
work literature each pass over the data set is known as an epoch.
It is important to observe that infinite data recycling, that is
training with infinitely many epochs, corresponds to system op-
timization with data drawn from the density function

(3)

where denotes the delta generalized function. This obser-
vation offers a direct statistical interpretation of overfitting phe-

4The BP algorithm evaluates efficiently the gradient of the norm-square-error
�(�; �) through an ordered sequence of partial derivatives that accounts for the
specific MLP architecture.
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nomena. Indeed, direct substitution of (3) in (1) shows that net-
work training through (2) leads to convergence of to

, where ,
for . Of course, is
what we call the “training error” of the network to the given
training set and we conclude that data recycling of
this form leads to the minimization of the training error. How-
ever, no attempt is made whatsoever to project in any reasonable
way data characteristics outside the given set.

Theoretically, to minimize the generalization error
of the network we need an infi-

nite data sequence drawn from the true input–output
distribution of the unknown mapping. In the sequel, we
focuson finite trainingsetsandbasedonagiven finite setwewish
to develop alternatives to the density function in (3), say

, such that training with data drawn from may prevent
overfitting and lead to networks with superior generalization
ability. Along these lines, it was shown in [20] that

(4)

where denotes the norm with respect to the Lebesgue
measure, is a positive constant, and is a scalar that
depends on. Given that [27]

(5)

where denotes the relative entropy [also known as
the Kullback–Leibler (K–L) distance] between two arbitrary
pdfs and , we obtain

(6)

where is a positive scalar that depends
on . This inequality shows that

can be made small by designing a

density function such that the K–L distance between
and the true density is minimized.

In [20] it was argued that the generalization ability of a
BP-trained neural network can be improved by introducing
additive noise to the training samples. In the framework of our
presentation this corresponds to a network trained with samples
drawn from the pdf

(7)

where is a pdf “kernel” and . In particular, since
additive white Gaussian noise was considered in [20], the kernel

was effectively set to be a Gaussian density with zero mean and
covariance matrix equal to the identity matrix. We note that (7)
is also known as the Parzen–Rosenblatt estimate [21], [22] of
the true training vector density and in [23] it was shown
that, for each in probability as

under some general conditions.
Another approach was considered in [26] in a different con-

text, where a colored Gaussian pdf with a sample average mean
vector and a sample average covariance matrix estimate was
used for the approximation of the true distribution of a given
finite population. In the following section we develop a new
methodology for the random expansion of a given training set
that encompasses these two previous pdf estimation procedures
as special extreme cases.

III. L OCALLY MOST ENTROPIC EXPANSION OF THE

TRAINING SET

We begin this section with two propositions that set the stage
for later developments. The first proposition comes directly
from information theory [27].

Proposition 1: The pdf that maximizes the differential

(Shannon) entropy over
all pdfs with support set , mean vector ,
and covariance matrix is the -di-
mensional normal density with these moments, denoted by

where

(8)

for any (the superscript denotes the vector trans-
pose operation and denotes the determinant of).

To meet the special needs of the problem that we investigate
in this work, we find it necessary to attempt a generalization of
the well-known result of Proposition 1. Along these lines, let
us assume that a data vectormay come from either one of
“hypotheses” , with corresponding prior proba-
bilities . Let us also assume that each hypothesis

, represents local input–output data char-
acteristics in a subset of the overall input–output space
that occurs with probability . The following
proposition lays the foundation for the development of a system-
atic procedure for the random expansion of a given training set.

Proposition 2: We consider a random data vectorthat,
with probability , comes from hypothesis with support set

, mean , and covariance matrix .
Enforcing the constraint of maximum differential entropy under
every hypothesis , the unconditional pdf of

is the Gaussian mixture

(9)

that we call the locally (or conditionally) most entropic (LME)
density.

Consider now a finite set of samples
that is given to us for the

training of an MLP network. For a given , we proceed with
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the partitioning of the available training set into clusters
, using some minimum distortion clustering

procedure [35]. To establish a correspondence in terminology
with Proposition 2, let hypothesis refer to data membership
in cluster . Let be the number of data
vectors in cluster . Unbiased
estimates for the parameters , and ,
in (9) can be readily obtained in the form of sample averages
[28] as seen in (10)–(12), shown at the bottom of the page.
We note that for the single-vector cluster case , no
unbiased estimate for can be defined and is forced to be
equal to the zero matrix .

Under the optimality criterion of maximum entropy per local
cluster, the core concept of this present work is the proposal for
MLP training with data drawn from , defined as an esti-
mate of (9) via (10)–(12). Certainly, several aspects of this pro-
posed process require further examination. Namely, 1) the pos-
sibility of facing noninvertible estimates ; 2) an optimality
criterion for the automatic selection of the number of clusters

; and 3) the design of a simple and effective implementation
procedure that relies only on trivial random number generators,
are all issues of great importance.

Webeginwithasuggestedgeneralizationof thecovariancema-
trix estimator in (13), shown at the bottom of the page, whereis
the identity matrix. We note that when and
for all , (13) degenerates to (11) and when at least

data samples need to be in for the cluster covariance
matrixestimate tobe invertiblewithprobabilityone[29].Oth-
erwise, some strictly positive value is necessary to achieve
invertibility. Inengineeringpractice thisbiasingof thecovariance
matrix estimatorhas been known asdiagonal loading (DL). In the
context of our presentation diagonal loading (that is a choice of

) is equivalent to white Gaussian noise expansion of
the cluster data about their mean , with variance .

The other parameter in (13) offers the opportunity for bi-
asing the “peakedness” of the Gaussian mixture distribution in
(9) when is chosen. For the selection of we pro-
pose a method based on equal likelihood cross-validation at the
cluster level5 (maximum likelihood cross-validation [31]–[33]
has been used extensively in the past, for example for the se-

5Another worth investigating procedure for maximum-likelihood selection
of the shaping parameter� may be expectation-maximization (EM) [30]:
� = argmax Eflog f (z=� )g where the expectation step draws
data from the original training set.

lection of the variance parameter in (7) for the simple white
Gaussian kernel case [20]). We assume first that . Then,
for each cluster , we form the pdf

(14)

as the mixture of the “other-cluster” estimates. We denote the
overall -parameterized LME density by

(15)

and we let denote the cluster that belongs to,
. Under the assumption of statistically independent

training vectors, we calculate the following joint densities:

(16)

and

(17)

Finally, we choose the value that is the minimum root
of the equation

(18)

Since no cross-validated pdf [according to the setup in (14)] can
be defined for the case , the value is forced for
this case.

For the development of an algorithmic procedure that selects
an “appropriate” value for the number of clusters, we propose
a minimum entropy choice (criterion) among all LME pdf solu-
tions for each . This criterion is described as
follows.

Criterion 1 (Min Entropy LME Rule):For a given training
data set of size , the minimum-entropy optimum value of
the number of clusters is defined as the
value that induces an LME density function with min-

(10)

(11)

(12)

(13)
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imum differential entropy . We recall that for every
the LME density function is defined by (9)

through (10), (12), and (13)–(18).
Several clustering procedures exist for the partitioning of a

set into clusters. Arguably, the -means algorithm [36] is
among the most widely used and for infinite data sets is known
to converge with probability one to a local minimum of the
sum-of-squared-errorsdistortion function. For finite sets of size

, to obtain a distortion value close to the globally minimum
several runs of the batch-means procedure may be necessary,
each one starting from a different initial set of clusters out of
the possible initial set
combinations [37].

For a given -cluster partition of the training set, com-
putation of the underlying differential entropy

requires -dimensional integration which is not
always feasible. In such cases, Monte-Carlo sample-av-
erage calculation through data points drawn from

is a practical
alternative.

To summarize briefly the developments so far in this sec-
tion, given a data set for the training of an MLP we
consider the following general procedure: First, upon-means
clustering for a given number of clusters ,
we estimate from the data the LME pdf given by (9),
(10), (12), and (13)–(18). Then, we optimize with respect to the
number of clusters according to Criterion 1 and we identify
the minimum entropy LME pdf - . Finally, we proceed
with conventional MLP training (BP for example) with random
training data drawn from - . It is satisfying to observe
that for implementation purposes no special purpose random
vector generator is needed. To draw data
from cluster with pdf where
and are given by (10) and (13), respectively, we write

(19)

where is an independently identically distributed
(i.i.d.) vector sequence drawn from and is
the Cholesky lower triangular matrix from the decomposition
of the—possibly diagonally loaded by and preshaped by

—covariance matrix estimate for cluster in (13). In
other words, is such that . Of course, during
MLP training data utilization per cluster maintains the relative
frequency ratio , , in (12). As
discussed in Section II, stochastic approximation arguments
[3] show that if we train an MLP by such an infinite, randomly
expanded training set we achieve strongly consistent MSE
minimization under the - joint input–output pdf.

We conclude this section with the comment that this newly
developed random training set expansion procedure covers the
approaches in [20] and [26] as special and extreme cases. In-
deed, in our setup the work in [20] is the case, while
the work in [26] is the case. The following section is
devoted to overfitting and generalization performance compar-
isons.

IV. NUMERICAL AND SIMULATION STUDIES

To illustrate the theoretical developments in the previous sec-
tions, we examine three different examples that involve the es-
timation of an unknown nonlinear mapping by a given MLP.
Two synthetic data examples are taken directly from the per-
tinent literature [20], [34] and a real data case study is drawn
from stock market financial records. In all cases the objective
is to study the generalization behavior of a given MLP under 1)
standard multiple-epoch BP training; 2) BP training with addi-
tive white Gaussian noise (AWGN) as in [20]; and 3) BP training
with LME training set expansion as proposed in this work.

A. Single-Input/Single-Output Example

We revisit the sinusoidal function example in [20]

(20)

As in [20], we generate independent input–output
vectors , with uni-
formly distributed on and , where

accounts for “observation noise” with
variance The resulting training set instance can
be seen in Fig. 1. The network used in [20] for this estimation
problem was a 1-13-1 feedforward MLP network with activa-
tion function . The same MLP is considered here and
all network parameters are randomly initialized uniformly on

. First, we perform standard BP training using the
same 36-point training set of Fig. 1 during all epochs. Next, we
apply the AWGN method of [20] where the original training set
is used only during the first epoch, , and then, for future
epochs, , 36 new random training data are generated
per epoch according to ,
where is the identity matrix
and is chosen as in [20] (maximum likelihood
cross-validation). Finally, we implement the proposed LME
training set expansion procedure, that for the data set of Fig. 1
results to clusters (identified in Fig. 1) and .
Indeed, Fig. 2 shows the differential entropy of the LME density
for the given data set for . According to Criterion
1, appears to be the most appropriate selection. The
original training set is used during the first
epoch, , and for each future epoch, , 36 new random
training data are generated according to
(19) and the cluster membership of the corresponding original
data point . In Fig. 3 we plot the target sinusoid function in
(20) together with the original training set points and the MLP
estimate derived after 100 000 epochs by standard BP training,
AWGN training as in [20], and LME training as proposed
herein.

Fig. 4 shows the induced generalization error as a function of
the training epochs which is calculatedanalyticallyfor all three
methods. The error on the original training set of all procedures
is also included as a reference. For increased credibility, the re-
sults in Fig. 4 are averages over 20 independent experiments.
While the training error under the standard BP method steadily
reduces, the generalization error increases rapidly. On the other
hand, both the AWGN and the LME method avoid overfitting
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Fig. 1. Data points andK = 11 clustering of the training set of Example A.

Fig. 2. Differential entropy of the LME pdf versus number of clusters for the
data set of Fig. 1.

with the latter leading to network designs with superior gener-
alization ability. It is interesting to observe that the LME gener-
alization error is significantly lower than the LME error on the
original training set and, in fact, is lower than the standard BP
training error over as many as 90 K epochs.

B. Multiple-Input/Single-Output Example

The following function was used in [34] in the context of
multivariate adaptive regression:

(21)

This function exhibits nonlinear additive dependence in the first
two variables, linear dependence in the next three, and it is to-
tally independent of the last five variables. The ten input vari-
ables are generated independently and uniformly in the unit hy-

Fig. 3. The target sinusoid function and MLP estimates for the training set of
Fig. 1.

Fig. 4. Generalization error per epoch for the training techniques considered
in Example A (the results are averages over 20 independent experiments).

percube and zero-mean unit-variance Gaussian “observation”
noise is added. The training set consists of input–output
data vectors that we use to train a 10-10-1 network using all three
methods of interest, exactly as in Example A. Our studies for
AWGN training set expansion indicated significant sensitivity
to the selection of the noise variance. In fact, for acceptable per-
formance we had to tune and fix the variance at ,
as opposed to the maximum likelihood cross-validation values
prescribed in [20]. The generalization performance of instances
of the trained networks was estimated by numerical calculation
of the test erroron 10 000 new random input–output data vec-
tors.

Fig. 5 presents thetest error and the error on the original
80-point training set for all three networks as a function of the
training epochs. The results shown are averages over 20 in-
dependent experiments. Standard BP overfits undesirably and
AWGN expansion does not avoid overfitting completely. For the
LME method, the test error is again lower than the training error.
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Fig. 5. Generalization error per epoch for Example B (the results are averages
over 20 independent experiments).

Fig. 6. Generalization error per epoch for Example C (the results are
averages over 20 independent random network initializations and training set
expansions).

C. Real Data Example

We retrieve quarterly financial data of the Coca-Cola Com-
pany, beginning with the first quarter of 1989 and ending with
the first quarter of 1997 (a total of 33 consecutive quarters).
For each quarter we define an input vector

and an output scalar . The input vector
is formed by the following eight “ratios” [38], [39]:

debt to equity, current ratio, return on common shareholders eq-
uity, return on assets, return on equity, quick ratio, profit margin,
and asset turnover. The output scalaris the stock price at the
end of the following quarter, that is at the end of the th
quarter.

We consider an 8-25-1 FF network and we attempt to pre-
dict the stock market value of one share of the Coca-Cola Com-
pany. The input–output pairs consti-
tute the 33 available data vectors. The first 19 data vectors (first
quarter 1989—third quarter 1994) form the training set and the
remaining 14 (fourth quarter 1994—first quarter 1997) form the
test set. For AWGN training set expansion acceptable results

were obtained by tuning the variance to (as opposed
to the variance value 0.0477 suggested by the cross-validation
method in [20]). For the LME method we have and

.
The results presented in Fig. 6 are averages over 20 net-

work training procedures with independent random network
initializations. We notice that both the conventional BP and
the AWGN expansion method overfit the training set, while
LME expansion avoids overfitting and maintains a significantly
lower test error.

V. CONCLUSION

Theoretically, the minimization of the generalization error
of a BP-trained MLP requires an infinite sequence of training
data drawn from the true joint input–output probability distri-
bution. Given a finite training data set, data recycling—that is
training with the same data over and over again—minimizes
the error on the exact points of the training set as if all of the
joint input–output probability mass were concentrated on these
points. In the neural network literature this behavior has been
usually referred to as overfitting.

In search of training procedures that may combat overfitting
and lead to improved MLP generalization ability, in this work
we proposed -means clustering of the given finite training set.
Then, upon establishing the most entropic colored Gaussian pdf
estimate per cluster, the overall unconditional joint input–output
pdf estimate takes the form of a mixture of colored Gaussians.
To optimize the partitioning of the given training set with respect
to the number of clusters, we proposed to choose the number of
clusters that results to the least entropic Gaussian mixture upon
equal-likelihood cross-validated shaping.

The numerical studies of Section IV on synthetic and real data
showed significant resistance to overfitting over conventional
data-recycling BP training and artificially AWGN infected BP
training. In fact, no overfitting was recorded in the sense of an
increasing generalization error over extended training periods.
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