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An Iterative Algorithm for the Computation of the
MVDR Filter
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Abstract—Statistical conditional optimization criteria lead to MVDR filtering is a standard linear constraint optimization

the development of an iterative algorithm that starts from the problem and a conventional Lagrange multipliers procedure
matched filter (or constraint vector) and generates a sequence leads to the well-known solution

of filters that converges to the minimum-variance-distortion-

less-response (MVDR) solution for any positive definite input . R lv

autocorrelation matrix. Computationally, the algorithm is a WMVDRIPHW 1)
simple, noninvasive, recursive procedure that avoids any form v v

of explicit autocorrelation matrix inversion, decomposition, or wherep* denotes the conjugate of the desired respm’é& —

diagonalization. Theoretical analysis reveals basic properties of . ; .
the algorithm and establishes formal convergence. p. Extensive tutorial treatments of MVDR filtering can be found

When the input autocorrelation matrix is replaced by a conven- IN many sources, for example in[1] and [2], along with historical
tional sample-average (positive definite) estimate, the algorithm ef- notes on the early work by Capon [3] and Owsley [4].
fectively generates a sequence of MVDR filter estimators; the bias DR filtering has long been a workhorse for unsupervised
converges rapidly to zero and the covariance trace rises slowly and _. - S - ]
asymptotically to the covariance trace of the familiar sample-ma- signal processing appllcatllons yyhere a desired scalar filter
trix-inversion (SMI) estimator. In fact, formal convergence of the Outputd & C cannot be identified or cannot be assumed
estimator sequence to the SMI estimate is established. However,available for each input € C~. Prime examples include radar
for short data records, it is the early, nonasymptotic elements of and array processing problems where the constraint vector
the generated sequence of estimators that offer favorable bias/co-+; g usually referred to as the “target” or “look” direction of
variance balance and are seen to outperform in mean-square es-. . .
timation error, constraint-LMS,_RLS-typ_e, orthogonal multistage _ IﬂteSf/tbévE may 3'5;) obTSETrve the close relat'onSh'pr'\itSWEeen
decomposition, as well as plain and diagonally loaded SMI esti- the M ilter and the minimum mean square error (MMSE)
mates. An illustrative interference suppression example is followed or Wiener [1], [2] filter. Indeed, if the constraint vecter is
throughout this presentation. chosen to be the statistical cross-correlation vector between the

Index Terms—Adaptive filters, algorithms, code division mul- ~desired outpu# and the input vectar, that is, ifv = E{rd"},
tiaccess, estimation, interference suppression, iterative methods,then the MVDR and MMSE filters become scaled versions of
least mean square methods. each othercR~lv, ¢ € C.

Conventionally, the computation of the MVDR/MMSE
filter in (1) begins with the calculation of the inverse of the
) ) ) input autocorrelation matrixR ! (assuming that the Her-
M INIMUM-variance-distortionless-response  (MVDR)mjtian R is strictly positive definite and, hence, invertible)
: filtering refers to the problem of identifying a linearhyased on numerical iterative diagonalization linear algebra
filter that minimizes the variance at its output, while at thBrocedures [5]. Then, the calculated matBx! is used for
same time, the filter maintains a distortionless response towgkd |inear transformation of the constraint vectqrfollowed
a specific input vector direction of interest. In mathematicag,ly vER~1v normalization, as necessary. In this paper, we
terms, ifr is a random, zero mean without |025 of generalitpresent an iterative algorithm for thtrect calculation of the
complex input vector odelmensmﬂ,_ r ¢ C, processed \vDR vectorwyvpr in (1). The algorithm is a noninvasive
byHan L-tap filter w € C~, tf:ren_ the filter output variance is procedure where no explicit matrix inversion/eigendecompo-
w'Rw, whereR = E{rr"} is the input autocorrelation sition/diagonalization is attempted. The MVDR computation
matrix (E{-} denotes the statistical expectation operation i’%orithm creates a sequence of filters, n = 0, 1,2, - - -, that
x" denotes the Hermitian—that is, transpose conjugate gins fromwo = (p*/||v||2)v and converges to the MVDR
x). The MVDR filter minimizesw”Rw and simultaneously fiiter (w_, = wynvpr). At each step, = 1,2, - - -, w,, is given
satisfiesw'’v = 1, or more generallyw'v = p € C, wherev a5 4 simple, direct function @&, v, andw,, .

founded solely on statistical signal processing principles. In that
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adaptivesignal processing, where the input autocorrelation ma-B so-called “blocking matrix” (anl. x L orthogonal
trix R is assumed unknown and it is sample-average estimated projection operator such ds— vv#/||v||?, where
by a data record a#4 pointsry,rs,---, I is the identity matrix);

T rank-reducing matrix with < p < L — 1 columns
to be designed;

. 1 XM w&SC MS-optimum vector of weights of thecolumns of T
R(M) =2 > rmryy. ) (WSSC = (p*/|lv|2)[THBYRBT] ' T#B/Rv
m=1 [1]. [2], [20]).

Owsley [25] chose the columns of matrixT to be thep
maximum eigenvalue eigenvectors of thisturbance-only
autocorrelation matrix under the—not true in general—as-
mption that the disturbance-only eigenvectors are not rotated

WhenR is substituted byR(}/) in the recursively generated
sequence of filtersv,, n = 0,1,2,---, the corresponding
filter estimatorsw,,(M) offer the means for effective controlﬁjrj
over the filter estimator bias versus (co-) variance trade% . . .

. - . . - the blocking matrixB being used. Van Veen [26], as well
[6]. Starting from thezercvariance, high-bias (for nonwhite a)s/ Haimovichg and Bar-Nesg']s [27], ad dressec} tl‘]lis concern
inputs) wo(M) = (p*/||v]|*)v estimate, we can go all the ’

way up to the unbiased, yet high-variance for short daEochoosmg thep maximum eigenvalue eigenvectors of the

: H
record sizesM, w..(M) estimate and anywhere in betweenéolCl::r?siﬁh?tgigrgiatg: gggz ogf]?RI]; Tﬁ;vlf\tﬁé’ gg:t
w,(M),1 <n < oo.As a result, adaptive filters from this u v Igenv ’

newly developed class can be seen to outperform in expeca ré?(ir(r:gii?) Sneszhnirg V'vlsthier:g:t?g? OBUtS;:t ;ﬁgagg?;?tks 281
norm-square estimation erréH{ ||w(M) — wyrvpr||?}, (con- PP P yByerly [28]

straint-)LMS [7]-[11], sample-matrix-inversion (SMI) [12] S.elggt;r e(;p nglgtezhna\itegqtgrggr:_o; BHI? BQV\;\Ith [‘co_rrefpondmg
with or without diagonal loading [13], RLS-type [14], [15], E!9EnValUesh;, ximize[v "R |*/Ai, i = 1, p.

and orthogonal multistage decomposition [30], [31] adaptith'S design algorithm has also been known as “cross-spectral

filter implementations. An illustrative case study drawn fro fhetric” reduced-rank processing [29]. Non-eigenbassthge,

the code division multiple access (CDMA) communicatior:i < I = L -1, orthogonal decomposition and synthesis of

literature is followed throughout this paper. It may be als8 was pursued in [30] and [31], filter decomposition using

worth mentioning that the familiar trial-and-error tuning rganonical correlations was considered in [32], and modular

problem and data-record-size specifics of the real-valued Ll\;?gsigns through factoriza_ltion of th(_a orthogonal projection
gain [16] or RLS inverse matrix initialization constant [17]§perator were developed in [33]. A different approach from a
I

or SMI diagonal loading parameter [13] that plagues fie ifferent point of view is attempted in this work. @onditional

practitioners is now replaced by an integer choice of one of t gatlstlcal optimization procedure is shown to offer _the means
recursively generated filters. or exact computation ofu as the convergence point of an

. . [e9) + L
The material included in this paper is organized as foIIow@.ﬂn't‘}f,Se”eS of the form-> 7" | jingn, ptn € R, 8o €C",
ﬁndgnv =0VYn =1,2,---.

In Section Il, we present the algorithmic developments. Co “We beain the alaorithmic develooments from th aven
vergence analysis is carried out in Section Ill. Filter estimation € beg € algo ¢ developments 1ro € conven-
nal matched filter (MF) with the desired response

. . . . . . . 10
issues are discussed in Section IV along with simulation exaF‘n—
ples. A few concluding remarks are given in Section V.

#*

p
Wo = v 3
[Iv*

[I. ALGORITHMIC DEVELOPMENTS

which is MVDR (MMSE) optimum for whiteC* vector inputs
(whenR = #%I, s > 0). We recall, w.l.0.g. and for notational
simplicity, that we assume throughout this presentation that the

For a given constraint vecter € C* consider the set of fil-
tersD={w el : w = (p*/||v]*)v + u,u € C%, and

Hy — i i inck istor- ; i i
v™u = 0}. D is the class of all filtersv in C* that are distor input vectors € CE are zero mean. Next, we incorporatesy

. : e : < C .
tionless inv, that is,w™'v = p. Certa'nly'wl\“’DRl'{S inDfor  an “auxiliary” vector component that is orthogonaktoand we
any given input autocorrelation matrR = E{rr™}. Inthis ¢4 (Fig. 1)

section, we develop an iterative algorithm for the computation
of theu component of the MVDR filter.

Historically, algorithmic designs that focus on the MVDR P
filter partu that is orthogonal to the constraint vector, or “look,” W1 =Wo— g1 = WV B “)
directionv have been widely pursued in the array processing
literature and have been known as Applebaum/Howells arraybereg; € C — {0}, u; € C, andg{’v = 0. We pretend for a
[18], [19], beam-space patrtially adaptive processors [20], oroment that the orthogonal auxiliary vectgr is arbitrary but
generalized sidelobe cancelers (GSC) [21]. Recent developnzero and fixed, and we concentrate on the selection of the
ments have been influenced by principal component analysislary;. The value ofi; that minimizes the variance of the
reduced-rank processing principles [22]-[24]. In general, tlaitput of the filterw; can be found by direct differentiation of
MVDR filter part u (u”v = 0) has been approximated byE{|w! r|?} or simply as the value that minimizes the MS error
w1 ~ =By Trxpweer, Where betweernwl r = (p/||v]|?)v¥r andy;gr. This is essentially
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a scalar version of the GSC weight determination problem ai - =—----orrore ey v

we present the solution in the form of a proposition [34]. ‘ e 5
Proposition 1: The scalag; that minimizes the variance at | | | cccoeoeeieecoog, W0

the output ofw; or equivalently minimizes the MS error be- | | | 77777 W , : :

tweenwiir = (p/||v]]?)vir andpighiris e wir_ gy i wihr oy Wi telir

_ g{{RWO

pr = S (5)
g Rg;

whereR = E{rr!’} is the input autocorrelation matrix.

Since g; is set to be orthogonal tw, (5) shows that if 454 . 75 27
the vectorRwy happens to be “orv” (that is Rwy, = D ) : :
(v Rw,/||v||?)v or equivalenti(I—vv¥ /||v||*)Rw, = 0), i _______ s
thenu; = 0. Indeed, ifRwg = (v Rwyo/||v||?)v, then T |
wy is already the MVDR filter. To avoid this trivial case

and continue with our developments, we suppose th
Rwy, # (VERwy/||v|/*)v. By inspection, we also ob-
serve that for the MS-optimum value @f;, the product

megr = (gfRwo/glRgi)g; is independent of the norm
of g1. Hence, so isw;. At this point, we decide to choose
the auxiliary vectorg; as the normalized vector that max-

imizes the magnitude of the cross-correlation betwedake the algorithmic developments one step further and consider
wilr = (p/||v||>)v¥r and gr, under the constraint thata filter of the form (see Fig. 1)

glv = 0andglig; = 1:

Fig. 1. Block diagram representation of the iteratively generated sequence of
filters wq, wyi, wa, - - -.

. 2
H. o/ H H W_p—V— 8 = W1 — (8)
g = argmax | E{wi'r(g"r)"}| = arg max w Reg| SR B =W 2B
1=

- H _ H, _
subject tog™v = 0 andg”g = 1. ©) g» andy, will be conditionallyoptimized given the previously

For the sake of mathematical accuracy, we note that both {HENtified auxiliary vectog, and scalay., . g is chosen as the
criterion function|w# Rg| to be maximized, as well as the or-vector that maximizes the magnitude of the cross-correlation
¢ ' betweenw{'r andgi'r, |[w{'Rga|, again subject tgj'v = 0

thogonality constraints, are phase invariant. In other words, P ; X o

¢, satisfies (6), so does, ¢’ for any phasep. Without loss 2nd82 g2 = 12' Arguing as in Proposition 2, we suppose that
of generality, to avoid any ambiguity in our presentation and t§ = VV' /IIVI")Rw1 # 0 (w1 # warvpr), and we find
have a uniquely defined auxiliary vector, we seek the one and

only auxiliary vector that satisfies (6) and places the cross-cor- Rw, — LRQWJLV

relation value on the positive real line’f Rg > 0). This con- g = 1|E|[V|| ) 9)
straint optimization problem was first posed and solved in [35], HRW1 _ V'Rw, H

where the filterw; in (4) was used for multiple access interfer- [|v]|?

ence suppression in multipath CDMA communication channels. ] o ]
Intuitively, the maximum magnitude cross-correlation criterior],N€ value of. in (8) that minimizes the output variancewet,

as defined in (6), strives to identify the orthonormattauxil- £1{/w3'r|*}, givenw; andg,, is the same value that minimizes
iary vector that can capture the most of the interference preslift MS error betweew{'r andy3g{'r. Arguing as in Proposi-
in wilr. The solution, which is derived through conventiondfon 1, we find
Lagrange multipliers optimization, is given below.

H
Proposition 2: Suppose thafl — vv' /||v||>)Rwo # 0 po = gQHif;{VVl. (10)
(wo # wauvpr)- Then, the auxiliary vector 8y 82
vARwy, The iterative algorithm for the generation of an infinite se-
Rwg — WV guence of filterswq, w1, wo, - - - is already taking shape. For-
g = TR (7) mally, we just need to specify the inductive step. Assuming that
HRWO _ w H the filter wi, = (o /|[v||2)v — >°%_, sug: has been identified
v

for somek > 1 andwy, # wyvpr, we definewy,; as follows:

maximizes the magnitude of the cross-correlation between

wiit = (p/|[v|?)v"r and glir, |wl/Reg:|, subject to the Wil = Wi~ a8y Where (11)

constraintgf’v = 0 andgfg; = 1. In addition,w{’Rg; is Rw), — — R‘;"kv

real positive(wi! Rg; > 0). O S = vl (12)
Thus far, we have defined, in (3) andw; in (4) with g + R v Rw;,

andy; given by (7) and (5), respectively. We are now ready to Wk — VP
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is the orthonormal with respect toauxiliary vector that, given
wp, maximizes conditionally the cross-correlation magnitude
|E{w r(g{l1r)"}| = [w{Rgp41], and

H
gk+1RWk

O -y (13)
gl?+1ng+l

Hik+1 =

is the scalar that minimizes the MS error betweefir and
1181, (minimizes E{|wl  r|?}).

It is important to note that while the generated auxiliary vec-
torsgi, go, - -- are all constrained to be orthogonalxto or-
thogonality among the auxiliary vectorsristimposed. This is
in sharp contrast to previous work that involved filtering with
up to L — 1 orthogonal to each other and+cauxiliary vectors

Initialization:
w, :=”%”2v.
Iterative computation:
For n=1,2, ... do
begin
9= (1- XL Rw,,
if go=0 then EXIT

by = PR W,
~ 9g&fRg,
W, = Wpy - Hng,
end
Output:

(AVs) [36]-[38], whereL is the data input vector dimension.
We observe, however, thsticcessivaVs generated by the pro-
posed recursive conditional optimization procedure (11)—(18}).2. Algorithm for the iterative generation of the filter sequemee w1,
do come up orthogonakg; ., = 0,V¥i = 1,2,3,---. For Wz
completeness purposes, we present this observation in the form
of the folllowmg Lemma. A brief algebraic proof is givenin the \ye are now ready to show that, — wrvpr. We break the
Appendix. , 3 proof into two parts. First, we show that, converges. Then,
Lemma 1: Successive guxmary vectors generated througfe establish the actual limit. We begin from Theorem 1, Part
(11)-(13) are orthogonag;"g; 41 = 0,4 =1,2,3,---. U (jjy and the definition ofg, in Fig. 2, which imply
The algorithm developed in this section is summarized in
Fig. 2. The conceptual simplicity of the conditional statistical vvH
optimization process that we adopted led to a computationally <I - W) Rw, T 0. (16)
simple recursion. In Fig. 2, we chose to drop the unneces-
sary, as previously explained, normalization of the auxiliane focus on the vectoRw, and we notice that (16) states
vectors and we also factorized their numerator to make thigyt the component oRw,, that is orthogonal tov goes
orthogonal projection operator apparent. Formal convergengep, asn — oo. Therefore, to prove thaRw,, converges
of the filter sequencevo, w1, w2, --- to the MVDR filter  somewhere, it suffices to show that the projectioiRaf,, onto

p*(R™1v/v"R™1v) is established in the following section. v (vHRw,, /||v||2)v, converges. To achieve that, we continue
from (16) and we multiply both sides B! to obtain

Filter sequence w,, w,, w,, ...

I1l. CONVERGENCEANALYSIS

Posing and solving an inductively defined statistical condi- w,— —— "R v — 0. (17)
tional optimization problem led to the design of the iterative al- [Iv* n—0
gorithm summarized in Fig. 2. Next, we switch our attention A
from design to analysis. We begin with a theorem that tabulategr simplicity of notation, we defing, = (wZRv/||v[]*),n =
basic properties of the generated sequence of auxiliary-vediot, 2, - - -. Then, we translate (17) back to the basic definition
weights{;,.},n = 1,2, -- -, and the sequence of correspondingf convergence in a Euclidean space. Equation (17) implies that
auxiliary vectors{g,, },n = 1,2, -- - . This theorem—the proof for every givene > 0, there exists som& > 0 such that for
of which is given in the Appendix—will also serve as the founeveryn > N
dation for establishing convergence of the filter sequdreg},
n=0,1,2, - tothe MVDR filter p*(R~1v/vFR~1v). Wy — Ry < o (18)
Theorem 1:Let R be a Hermitian positive definite matrix. Il

Cor_15|der the fterative algorithm of Fig. 2. N _Multiplying both sides of (18) by|v|| and using the fact that
i) The generated sequence of auxiliary-vector W&gfﬁﬁﬁn — &R |[v]| > ||(wn — ¢t R™*v)Hv||, we obtain

{pn},n=1,2,--- is real-valued, positive, and bounde
1 1 |wiv — e, viIRIv| < e (19)
0<)\ Suné)\., n=12... (14)

We recall that by designw’’v = p¥n = 0,1,2,---. There-
where \,.x and \,;, are the maximum and minimum, fore, (19) becomefp — ¢, viR"lv|| < ¢V¥n > N and we
correspondingly, eigenvalues Bf. immediately conclude that, converges te/v R ~1v or

i) The sequence of auxiliary vectofg,,}, n = 1,2,- -,

converges to th@ vector Sy vi Rw, o y
_ | vI? viR 1lv
Jlim g, =0. U (15) asn — oc. (20)
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25 T

Equations (16) and (20) together establish Rat,, converges;
hence,w,, converges. Knowing this, we are now free to tak
limits on the left-hand side of (17) to derive

Rlv

lim w, = p"—————
nee TP GHR- Ly

(21)

2
@

MVDR”

which establishes formal convergence of the filter sequen
w,, to the MVDR filter. Another interpretation of the auxil- *
iary-vector algorithm in the context of steepest-descent thec z
is given in the Appendix.

We conclude this section with an illustration. We draw
signal model example from the synchronous direct-sequer  °°
CDMA (DS/CDMA) communications literature and we assum
that the input signal vectar ¢ R’ is given by

. . . . . . .
0 5 10 15 20 25 30 35 40 45 50
Numerical lteration (Number of AV’s) n

K
r=> VEbs; +n. (22)
k=1

Fig. 3. Convergence of the sequence of filters, n = 0,1,2,---, to the
MVDR solution for the signal model example in (22).
In this setup, i’ denotes the total number of signals (“users”)
present and each signal is defined throughZadimensional, thatcan capture the most (in the maximum magnitude cross-cor-
normalized, binary-antipodal vector waveform (or “user signéelation sense) of the interference present at the previous iter-
ture”) sp, k = 1,2, ---, K. The signature vector dimensidn ation filter outputw’Z ,r. Each auxiliary vectog, is free to
is usually referred to as the system “spreading gain.” With rgiove anywhere in thB—vv# /||v||? vector space and accounts
spect to thekth user signal Ly is the received signal energyfor globally present interference without any preconditiona or
andb;, € {1, +1} is the information bit modeled as a randonpriori approximations of the interference subspace. The algo-
variable with equally probable values and assumed to be statihm converges to thexactMVDR solution.
tically independent from all other user bits j # k. Additive Assume now thaR is in fact unknown and it is sample-
white Gaussian noise contributions are accounted far tth ~ average estimated by a data recordAdf points: R(M) =
autocorrelation matrixe{nn”} = 02T, (x¥ denotes the (1/M) Eﬁle r..rZ. For Gaussian inputs, the Hermitian ma-
transpose ok). With this notation and normalized user signatrix R(}) is a maximum-likelihood (ML), consistent, unbiased
tures, the signal-to-noise ratio (SNR) of thth user signal is estimator ofR [6], [49]. For a large class of multivariate ellipti-
defined by SNR 2 10log,o(Ex/0?) dB,k=1,2,--- K. cally contoured input distributions that includes the Gaussian, if
MVDR (MMSE) filtering for DS/CDMA-type problems has M > L, thenR(M) is positive definite (hence invertible) with
attracted a great deal of interest [39]-[44]. If we wish to recovéFobability 1 (w.p. 1) [45]-[47]. Then, the analysis of Section 11
the information bits of, say, usdr then all other signals con- shows that
stitute multiple-access interference and the MVDR filter is built A _1
- : - T X . _ . ROy
with constraint vectov = s;, desired response-s; = 1, and Wo(M) — Woo(M)=0p STV R
autocorrelation matriR = 31| ExsisL + o2L We choose e vHR(M)] v

L =32, K =13, and we draw an arbitrary set of signatuses \yhere w..(M) is the widely used MVDR filter estimator
s2,---,s13. For purposes of completeness in presentation, tReown as the sample-matrix-inversion (SMI) filter [12].

exact signature assignment is given in the Appendix. We fix the ¢ output sequence begins frofn(M) = (p*/||v|]?)v,
SNR of tPe user of interest at SNR- 12 dB, whereas the “in- \yhich is azerovariance, fixed-valued, estimator that may be
terferers”’k = 2,-..,13 are at SN_8_§ =10 dB, _SNF{;__O = severely biasedwo(M) = (p*/||v|?)v # Wwvpr), unless

12 dB, and SNiy-13 = 14 dB. This signal setup is maintainedr, — 21 for somes > 0. In the latter trivial caseywo(M)
without any change throughout the rest of this paper and is uggdyready the perfect MVDR filter. Otherwise, the next filter
for illustration purposes. Fig. 3 shows_how _the sequence of flstimator in the sequence; (M) has a significantly reduced
terswo, wy, - -- generated by the algorithm in Fig. 2 convergegias due to the greedy optimization procedure employed at the
to the MVDR solution. The Cconvergence IS captured in terms gfnense of nonzero estimator (co-)variance. As we move up in
the norm-square metritw,, — wnvpr||® as a function of the he sequence of filter estimatods, (M), n = 0,1,2,---, the

(23)

iteration step (or number of AV's used) bias decreases rapidly to zerayhile the variance rises grace-
fully to the SMI (W..(M)) levels [cf. (23)]. To quantify these
IV. FILTER ESTIMATION remarks, we plotin Fig. 4 the norm-square Gj&{w,, (M)} —

Consider a constraint vecterand a Hermitian positive def- Wavpr||® and the trace of the covariance mathX [w,, (M)
inite autocorrelation matriR of an input vector € CX. The — E{Wn(M)}][Wn(M) — E{w,(M)}]"} as afunction of the
algorithm developed in Section Il and analyzed in Section Ifferation step: for the signal model example of Fig. 3 and data
C.an be Cha_raCte_r_'Zed as a “greedy” procedHre that, at each IteI@rhe SMI estimator is unbiased for multivariate elliptically contoured input
tion stepn, identifies an orthogonal-te-(“auxiliary”) vectorg,, distributions [47], [48]:E{W .. (M)} = wyvpr = p*(R=1v/vER=1v).
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record sizeM = 256.2 Bias and cov-trace values are calcu
lated from 100 000 independent filter estimator realizations fi s} : L e

each iteration point. Formal, theoretical statistical analysis of Lo |
the generated estimatoks, (M), n = 0,1,2,-- -, isbeyond the ~ *° s :
scope of this presentation and will be reported in the future 14 8

From the results in Fig. 4 fak/ = 256, we see that the estima-
torswy (M), wo (M), - - -, up to aboutw+o (M ) are particularly
appealing. In contrast, the estimatevg (M) for n > 20 do
not justify their increased cov-trace cost since they have almi
nothing to offer in terms of further bias reduction.

The mean-square estimation error expresdi|w,,(M)

—wyvpr||?} captures the bias/variance balance of th
individual members of the estimator sequenge,(M),
n =20,1,2,---. In Fig. 5, we plot the MS estimation error as ¢ o2f }
function of the iteration step for the case study in Fig. 4 for ay , , , , , , , ,
M = 256 [Part (a)] andM = 2,048 [Part (b)]. As a reference, o™ 4 Nur‘r‘]"erical‘}feraﬁo‘g"(Nur:fger Of‘f\‘{,,s) o w0
we also include the MS error of the constraint-LMS estimator

[71-[11] Fig. 4. Norm-square bias and covariance trace for the sequence of estimators
W, (M), n =0,1,---. The signal model is as in Fig. 3 add = 256.

-
)
~

Bias & Cov-Trace
o

— ‘7\Vn Bias
‘=== {, Cov-Trace b
- SMI () Cov-Trace

=4
>

. v\
wrms(m) = <I - —2> [Wrms(m — 1) s ;
vl the RLS initialization parameter, > 0 [17] is necessary
H p* to achieve acceptable performance [in our study, we set
— pry,ro wivs(m — 1) + v . T
HEmT i Wins( ) V]2 po= 1/(200 - APlecked) and ¢, = 20, respectively]. This
m=1,---,M (24) data-specific tuning frequently results in misleading, over-opti-

mistic conclusions about the short-data-record performance of
with wns(0) = (p*/|lv]|?)v and someg: > 0 and the RLS the LMS/RLS algorithms. In contrast, when the filter estimators
estimator [1], [2], [14], [15] with matrix-inversion-lemma-basedy,, generated by the algorithm of Fig. 2 are considered instead,

R~! estimation tuning of the real-valued parameters and ¢ is virtually
. . replaced by an integer choice among the first several members
R (m) =R (m—1) of the {W,,} sequence. Adaptive, data-dependent criteria for
f{—l(m — 1)rmrgf{—1(m -1) the selection of the most appropriate number of AVs for a given
- 1 +r,§{f{—1(m Dy, data record are devel_oped arjd reported in [50]. In Fig. 5(a),
. for M = 256, all estimatorsw,, from n = 2 up to about
m=1---,M (25)

n = 55 outperform in MS error their RLS, LMS, and SMI
(W) counterpartswg (n = 8 AVS) has the least MS error of
all (best bias/variance tradeoff). When the data record size is
than1/(2)\Plocked) "where)blocked js the maximum eigenvalue increased talf = 2048 [see Fig. 5(b)], we can afford more
of the “blocked-data’l — (vv /|[v|[2)R(I — vv/|[v|?) iterations (more AVS) , andvlg_offers t.he be§t bias/variance
Hadeoff (lowest MS error). All filter estimatorg,, forn > 8
tperform the LMS/RLS/SMI ¥..) estimators. For such
arge data record set8{ = 2048), the RLS and the SMi...)
MS error are almost identical.
2The data include the signal of interegte, b, (m)s1, m = 1,---, M, as In Fig. 6(a), we plot the MS estimation erroref (M) (n =

it appears in (22). Filter estimation improvements through the use of “sign@-AVS) and the RLS. LMS SMI7¢ _ oo) estimators as a func-
absent” data are not pursued in the context of this presentation. ! ! N

SFor multivariate elliptically contoured input distributions, an analytic expreé—ion of thedata record size/. In Fig. 6(b)'_We rep_eat exactly
sion for the covariance matrix of the SMI estimator, (M) can be found in the same study to compare various AV filter estimators only:
[47]: w,, (M) forn = 0 (matched-filter)n = 8, n = 13, andn = 30.

Fig. 7 offers a 3-D plot of the MS estimation error as a function

Rty R~ of the number of AVs: and the sample suppait. The dark

(R*‘ - W) : line that traces the bottom of the MS estimation error surface
identifies the best number of AVs for any given data record size

Since under these input distribution conditishs. (M) is unbiased, the trace of M .

the covariance matrix is the MS filter estimation error. Itis importantto observe A glternative bias/variance trading mechanism through

that the covariance matrix—and, therefore, the MS filter estimation error—de- . . . .
pends on the data record sizé, the filter lengthLZ, as well as the specifics of real-valued tuning is the diagonally loaded (DL) SMI estimator

the signal processing problem at haligndv). Itis also important to note that [13]

for the signal model example in (22), the input is Gaussian-mixture distributed.

Therefore, the results discussed in this footnote are not directly applicable and [ B, (M) + AI]flv
the analytic covariance matrix expression can only be thought of as an approx- VAVDL-SMI(A) = p* N

imation (a rather close approximation as we concluded after our studies). vH[R(M) + AI]—lv

with R=1(0) = (1/¢o)I for somee, > 0. Theoretically, it is
known that the LMS gain parametgr > 0 [16] has to be less

autocorrelation matrix. While this is a theoretical upper boun
practitioners are well aware that empirical, data-depend
“optimization” or “tuning” of the LMS gaing > 0 or

E{[W oo (M) — E{ oo (M)}][Weo (M) — B{Woo(M)}]H}

_ lpl?
(VER-v)(M — L +1)

(26)
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(a) M=256 (b) M=2,048
25 T . T T r T T T . 25 T T T T T T T T T
— Wy J
W.. (SMI)
-- - LMS
---- RLS ]
% 10 2 w0 0 % % 70 % % 100 % 10 2 20 40 50 60 70 80 90 100
Numerical lteration (Number of AV’s) n Numerical lteration (Number of AV’s) n

Fig. 5. MS estimation error for the sequence of estimafor$M ), n = 0,1, - - -. (a) Data record siz&7 = 256. (b) M = 2048.

(b)

—~— —
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Data Record Size M Data Record Size M

Fig. 6. MS estimation error as a function of the data record &izéor various members of thé,, (A1) sequencer = 0 (MF), n = 8, n = 13, n = 30,
n = oo (SMI), as well as the LMS and RLS estimators.

loading is performed. Interestingly, the AV estimatérs from
n = 4 to 7 outperform in MS error the best possible DL-SMI
estimator ;A ~ 3.45).

Finally, afinite setof L filter estimators with varying bias/co-
variance balance can be obtained through the use of the or-
thogonal “multistage” filter decomposition procedure in [30]
and [31]. It can be shown theoretically that thstage filter
Wi-stage, 0 < 1 < L — 1, is equivalent to the following struc-
ture. First, change the auxiliary-vector generation recursion in
(12) or Fig. 2 to impose orthogonality, not only with respect to
==, the constraint vectov, but also with respect tall previously
definedauxiliary vectorsy;, yo, -, yn_1,n < L — 1:

(=]
1

31+

B 10 Gt — W[ ]

! o= o
Mumber of AY's n : - Duin Recond Slre M

wh oyl
5y
Fig. 7. MS estimation error versus number of auxiliary vectoend sample Yn = <I - —||V||2 - Z T |Z|2> Rw,_i. 27)
supportM. =1 Wi

Next, terminate the recursionat=1[,0 <[ < L—1, and orga-
whereA > 0 is the diagonal loading parameter. We observgize thel orthogonal to each other andtovectorsy, - - -, y;
that Wpr-smr(A = 0) is the regular SMI estimator, whereasn the form of a blocking matriB ; = [y1,¥2, -, y:]- Then
lima oo WpL-smr(A) = (p*/||v||*)v, which is the properly
scaled matched filter. In Fig. 8(a), we plot the MS estimation
error of the DL-SMI estimator as a function of the diagonal

*

loading parameteN (M = 60). We identify thebest pos- ) __P B, a where 28
siblediagonal loading valué\ ~ 3.45 (at significant computa- Wisstage ||v||2V Tt (28)
tional cost) and in Fig. 8(c), we compare the best DL-SMI esti- G P [BHRB]—lBHRv 29)

mator against the AV estimator sequence for wirioldiagonal e
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gh (a) — 22 [\ T T
—-— o A
EAS e = A
E sMmi g N
= ;5 2F "_“\\ .......... DL-SMI (A=3.45) 4
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T

Fig.9. MS estimation error for theestmultistage and AV estimators over the
data support rangé/ = L/2 = 16toM = 3L = 96. The MS estimation

best Multistage (1=3)
error of theA =3.45 DL-SMI estimator is also included as a reference.

best DL-SMI (A=3.45)

8 10 12 14 16 18 20
Number of AV’s n

the employed conditional optimization criteria led to a com-

_ o _ _ utationally simple iteration step. The algorithm is a greedy,
Fig. 8. MS estimation error studies for (a) diagonally loaded SMl, (QS

multistage, and (c) auxiliary-vector estimatofd (= 60). et noninvasive, procedure where no explicit autocorrelation

matrix inversion/decomposition/diagonalization is attempted.
We analyzed basic algorithmic properties and we established
is the MS vector-optimum (unconditionally optimum) set ofgrmal convergence to the MVDR filter.
weights of the vectory, yz,---,y:.4 In the context of filter  \when the input autocorrelation matrix is substituted by a
estimation from a data record of si2é, Wo-stage(M) is the  sample-average (positive definite) estimate, the algorithm gen-
matched filter, andw(z_1)-stage (M) is the SMI estimator. In erates a sequence of filter estimators that converges to the fa-
Fig. 8(b), we plot the MS estimation error éfi;az.(M) as a miliar sample-matrix-inversion (SMI) unbiased estimator. The
function of/, 0 <1 < L — 1 = 31, (M = 60). We identify pjas of the generated estimator sequence decreases rapidly to
the bestmultistage estimatorl (= 3 stages), and in Fig. 8(c), zero, whereas the estimator covariance trace rises gracefully
we compare it against the AV estimator sequence. We see g zero (for the initial, fixed-valued, matched-filter estimator)
all AV estimatorsw,, fromn = 3 to 8 outperform in MS error tq the asymptotic covariance trace of SMI. Sequences of prac-
the best multistage estimatdr £ 3 stages). Finally, as a lasttjca| estimators that offer such exceptional control over favor-
study, in Fig. 9, we plot the MS error of th® = 3.45 DL-SMI  gp|e bias/covariance balance points are always a prime objective
estimator together with the MS error of thestmultistage and i the estimation theory literature. Indeed, for finite data record
AV estimators over the data support range= L/2 = 16 t0  gets, members of the generated sequence of estimators were seen
M = 3L = 96. to outperform in MS estimation error, LMS/RLS-type, SMI and
diagonally loaded SMI, and orthogonal multistage decomposi-
V. CONCLUSIONS tion filter estimators. In addition, the troublesome, data-depen-
In this paper, we relied strictly on statisticabnditional d€nttuning of the real-valued LMS learning gain parameter, the
optimization principles to derive an iterative algorithm thali%LSln|t|aI|zat_|on, orthe ,SMl diagonal Iogdmg parameter Is re-
starts from the “white-noise matched filter’ and converg aced.by an integer choice among the first several members of
to the “MVDR filter” solution for any given positive definite tN€ estimator sequence [S0].

input autocorrelation matrix. The conceptual simplicity of Computational simplicity and MS estimation error perfor-
mance indicate that this “auxiliary-vector” adaptive processing

scheme may deserve further consideration and investigation,

“Therefore, th? millt[istélige rf]ilterinl [30] ant(ij [31]isidentical tlo thehfilmé” particularly in high-dimensional adaptive signal processing ap-
as it appears in [36]-[38]. The multistage decomposition algorithm is a CoOmiti ~ati i ;
putationally efficient procedure for the calculation of this filter tailored to th?“Catlons that rely on data records of limited size.
particular structure oB7RB (tridiagonal matrix). The same computational
savings can be achieved by the general forward calculation algorithm of Liu and
Van Veen [51] that returns all intermediate stage filters along the way up to the APPENDIX
stage of interest (total computational complexity of ord€?((A + 1)L?)).
The AV algorithm in Fig. 2 has computational complexi((M + n)L?),
wheren is the desired number of AVs. Again, all intermediate AV filters are reA. Proof of Lemma 1
turned. Estimators of practical interest héve& M orn <« M. Therefore, the . . -
complexity of all such algorithms is dominated & 1/ L2), which is required ~ CONnsider two successively generated auxiliary vec-
for the computation oR (). tors g;, g:+1, ¢ > 1, by the algorithm in Fig. 2. Since
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@ = vw/[v]*)? = T - vw/|v]* I - v/|v|*is a
projection operator)

VVH
o (1-7)
< [IvI]?
VVH>
=|I- gi-
< [[v][?
Then, by the definition ofy;+; and (A.1)
H H Vv
g &+1—8; I-
" [( [[v]*

It is now straightforward to obtaigZH Rw; = 0. We substitute
wi = w1 — pigi andu; = (g Rw;_1 /g’ Rg;) and calcu-
late

H 2
vV
——— ) Rwi_
||v||2> i

H

)sz} =glRw;. (A2)

g’Rw; = g/ Rw;_1 — 1,8/ Rg;
g’Rw,_4
g’ Rg;

T

=gl'Rw;_1 — gl'Rg; =0. (A3)

From (A.2) and (A.3), we conclude; L g;11,¢t=1,2,---.

B. Proof of Theorem 1

i) Asseenin (A.l)g, = (I - vvf/||v]*)g,. Therefore

H
H(p_ l) Rw, _
_ ngL{an—l _ &n < || vI|? !
" glRgn gl Rg,
n=1,2,--. (A.4)

However, (I — vv/ /||v||>)Rw,,_1 =g, by definition.
Substituting(T — vv/||v||>)Rw,,_; by g, in the nu-
merator of (A.4), we obtain

H
gn gn
Hn = ) 71:1,2,"' (AS)
g/ Rgn
and we conclude [5] that
0 < < < 1 =1,2 (A.6)
)\max = Hn = )\min’ eSS '
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In the Proof of Lemma 1, we showed that [cf. (A.®)], and
g, areR-orthogonal. Therefore

Wi + tngnllfe = [Wnllk + llungnllk- (A.9)

From the algorithmic recursiow,, = w,,_1 — (,g,, We see
that

W+ n8nllfe = W1l (A.10)

Equations (A.9) and (A.10) combined show that

IWallg = Wn—tll& = llimgnlf, ~ n=1,2,-. (A1)
We observe thaf||w,|r}, n = 1,2,---, is a monotonically
decreasing sequence of non-negative numbers. Héncg|r
converges. This implies thfifi.g.|lr — O, ||ngn|| — 0,
or |unl |lgn]] — 0. However, in Part (i) we showed tht.,, }
is bounded away from zero. We conclude thgt|| — 0 or
g, — 0,asn — oo.

C. Another Interpretation of the Auxiliary-Vector Algorithm

Following the notation in Sections Il and Ill, we define the

variance cost functiod (w) 2 w"Rw. We seek the vectow

that minimizes.J(-) subject to the constraint’’v = p. We
modify the conventional steepest-descent algorithm [1, ch. 8] to
accommodate the constraint

W, = <I

p
L =1.2....
TvEYy o nT R

VVH

1
VY Wit — —NVW*JW‘
) [ Ve J(W)

W=Wp 1

(A.12)

*

for anarbitrary w, and someg: > 0 “step-size” parameter.

Next, we enforce the specific initializationw,
(p*/|I¥|]?)v in (3), which allows the following simplifi-
cation of (A.12):

vvi
Wp =Wnp_1— H <I - W) Rw,_1
wo = p—QV, n=12.--. (A.13)
vl

Where Aiax and Au;n are the maximum and the min- |, ey of (A.12), (A.13), and the algorithm in Fig. 2, the aux-

imum, correspondingly, eigenvaluesif Equation (A.6)

iliary vector g,,, which is chosen inductively according to the

shows that the generated sequence of auxiliary-vecign,imum magnitude cross-correlation criterion in Proposition

weights {¢,}, n = 1,2,---, is, in fact, positive and

2, can be seen as the gradient of the variance cost function evalu-

bounded. Equation (A.5) offers an alternative formulgiey ot the previous iteration step filter, _, and projected onto

for the calculation of:,, in the algorithm of Fig. 2.

ii) To prove thatg,, in Fig. 2 converges to the vector for
a given Hermitian positive definite matrik, we find
it convenient to introduce the concept of thBR-inner-
product” and the R-norm” [5]. If x,y € C%, then their
R-inner-product is defined by

(x.y)r = xRy (A7)
whereas th&R-norm ofx is
Ixllr £ v/{x,x)r = Vx7Rx. (A8)

the orthogonal tov subspace. In the same context, the auxil-

iary-vector weights can be seen as a variable step-size sequence

that is locally optimizedht each iteration step. = 1,2, - ac-

cording to the conditional MS-optimality criterion in Proposi-
Vv

tion 1:
H
I-—— an_l} Rw, _1
K IIVII2)

H H
_w Rw, ;| R(I-
[Iv*

n=12"--

H

VVH

—— | Rw,,_
||v||2) Wt
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[we recall that(1/Amax) < pn < (1/Amin) Y

according to Theorem 1, Part (i)].

D. Signature Assignment for the DS/CDMA Example
The matrixSszax13 = [s1 sz ---s13] with columns the sig-

nature vectors,, s, - -,s13 IS given in (A.14), shown at the

bottom of the page.
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