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MultidimensionalOrthogonalFM Transforms
Marios S. Pattichis, Alan C. Bovik, Fellow, IEEE, JohnW. Havlicek, and

NicholasD. Sidiropoulos, SeniorMember, IEEE

Abstract—Wepresenta novel classof multidimensional orthog-
onal FM transforms. The analysissuggestsa novel signal-adaptive
FM transform possessinginteresting energy compaction proper-
ties.Weshow that theproposedsignal-adaptiveFM transform pro-
ducespoint spectra for multidimensional signals with uniformly
distrib uted samples.This suggeststhat the proposedtransform is
suitable for energy compaction and subsequentcoding of broad-
band signalsand imagesthat locally exhibit significant level diver-
sity. We illustrate theseconceptswith simulation experiments.

Index Terms—AM-FM, orthogonal transforms.

I. INTRODUCTION

I T IS very difficult to describenonstationarysignals by
expansionsof stationarysignals.Even wavelet expansions

suffer since wavelet functions assumestationarity over the
support of the function. To avoid such limitations, a mul-
tidimensional discrete amplitude and frequency-modulated
(AM-FM) seriesexpansionwas first proposedin [1], wherean
arbitraryimageis expressedas

(1)

The amplitude functions are assumed to be
slowly-varying, and the phase functions are as-
sumedto have slowly-varyinginstantaneousfrequency vectors

.
For modelingnonstationaryimages,AM-FM expansionsof

theform (1) havegreatpotentialsincetheamplitudeandphase
functionsareallowedtovarycontinuouslyover theimageplane.
In this paper, we study a discreteversion of the continuous
AM-FM transformrepresentationthat was introducedin [2].
Thework thatwe presenthereis a continuationof theresearch
resultsin [3].

In this paper, we consideran interestingclassof orthogonal
FM transforms,derived from usinga permutationof thesignal
samplesfollowedby theDFT. In theforwardtransformdomain,
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the transformis equivalent to 1) a permutationon the image
samples,followedby 2) a DFT (or DCT) of thepermutedsam-
ples.In the inversetransformdomain,we first apply1) a DFT
(or DCT), followed by 2) the inversepermutation(the inverse
of thepermutationin Step1) of theforwardtransform).

One-dimensionalAM-FM expansionshavealsobeenstudied
in [4], [5] and[6], whereone-dimensionalAM-FM expansions
were expressedin terms of frequency-amplitude modulated
(FAM) complex exponentials.The classof FAM functionsis
indexed by aparameter , andtheFAM functionsareexpressed
as: . When the FAM
setis designedin thefrequency domain,thesetof functionsis
called FAMlets. FAM functionshave also found applications
in signalcompression.TheFAM functionshave thelimitation,
however, thattheAM andFM termsarecoupled.

More generalclassesof one-dimensional(1-D) AM-FM ex-
pansionsarealsopresentedin [7]. The authorssuggestthat a
largeclassof signalprocessingalgorithmscanbethoughtof as
beingcomposedof threegeneralsteps:1) applying a unitary
transformationto the signalor image,2) processingthe trans-
formedsignalor image,andpossibly3) transformingtheresult
back. In this generalscheme,our methodconsiderspermuta-
tionsastheunitarytransformation.Theauthorsof [7] havealso
presentedavarietyof importanttime-warpingfunctionsthatare
associatedwith 1-D FM signalsthathavebeenstudiedin thelit-
erature.

The multidimensional FM expansions that we present
hereare fundamentallydifferent from thosein other studies:
since permutationshave no continuous-spaceanalogue,our
expansionshave no continuouscounterpart.Hence,this class
of FM transformsprovides a novel approachto the problem
of expandingsignalsasa sumof multidimensionalFM series.
The analysissuggestsa novel signal-adaptive FM transform
possessinginterestingenergy compactionproperties.We show
thattheproposedsignal-adaptiveFM transformproducespoint
spectrafor multidimensionalsignalswith uniformly distributed
samples,andvery narrowbandspectrafor signalswith approx-
imately uniformly distributed samples.Theseresultssuggest
that the proposedtransformis suitablefor energy compaction
andsubsequentcodingof broadband,noise-likesignalsandim-
ages.We illustratetheseconceptswith simulationexperiments.

We organizethe rest of the paperin four sections.In Sec-
tion II, we derive thegeneralconditionsfor designingmultidi-
mensional,orthogonalFM transforms.We alsoconsidersome
classesof FM transformsthatareof specialinterest.Wepresent
examplesof two dimensionalFM transformsin SectionV. In
SectionVI, we describean examplewherea two dimensional
FM transformis implemented,and then comparethe perfor-
manceto JPEG.In SectionVII, we summarizeour description
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for theFM transformcodingexample,andbriefly commenton
futureresearchon FM transforms.

II. FM TRANSFORMS

Let be a bounded -dimensionalsignal with domain
thediscretehypercube . This means
that is a function suchthat, for every is a
complex number. Later, wewill understandthat ,
where denotesthering of integersmodulo . Motivated
by codingapplications,we areinterestedin expressing as
a sumof FM components

(2)

suchthattheFM spectrum canbecomputedusing

(3)

Here, and de-
noteelementsof . We understandthattheFM phasefunction

takes valuesin ,
where is the real line. Also, we use“ ” to denotethe stan-
dardinnerproductreduced

In (2), the th FM component is
weightedby the correspondingFM spectralcoefficient ,
and the sum of thesecontributions over all synthe-
sizesthe original signal . TheFM spectrum depends
on the choiceof . Thus, the FM transformis actually a
class of transforms;a particular instanceis specified by se-
lectingan -valuedphasefunction andkernelcon-
stant suchthatthesynthesisformula(2) andtheanal-
ysis formula(3) hold for anarbitraryboundedsignal . The
dependenceof on shouldbe understoodandis not
generallywritten explicitly.

Thefollowing propositionclarifiesthedependenceof theFM
transformon thechoicesof and .

Proposition1 (Uniqueness):Let ,
andlet denoteassociatedFM transforms.Then

if andonly if and .
Proof: Suppose . Applying bothtransformsto

gives

for all . Putting , we concludethat ,
andso

for all . Now put , the th standardunit vector,
to get

for all andall . This implies that
.

Theconverseis obvious. Q.E.D.
Next, we derive a generalorthonormalitycondition.
Proposition2 (OrthonormalityCondition): Assumethat

satisfies

(4)

for all , where denotestheKronecker deltafunc-
tion. Thenany boundedsignal on is given by

(5)

wheretheFM spectrumis given by

(6)

Proof: Theproof follows afterusing(6) to substitutefor
, in theright-handsideof (5).

For 1-D FM transforms,theform of is determinedby the
following proposition.

Proposition3 (OrthonormalFM Transformsin OneDimen-
sion): Let . Thentheorthonormalcondition(4) is satis-
fiedif andonly if for somepermutation

of andsomerealnumber . Furthermore,
thekernelconstantis given by .

Proof: The proof is straightforward and has been
omitted.

Proposition4: If is a permutationof ,
then the associatedone-dimensionalFM transformis equiva-
lentto apermutationof signalsamplesfollowedby theordinary
DFT.

Proof: Theproof is straightforwardandhasbeenomitted.
Wenow generalizeProposition3 to multipledimensions.
Theorem 1 (Multidimensional Orthonormal FM Trans-

forms): Let , where is the numberof spatial
dimensions.Let . Then satisfies the
orthonormalcondition (4) if andonly if thereis a symmetric
function suchthat

is a nonzerointeger whenever . [By symmetric,
we meanthat for all .]
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Proof: Since , (4) is satisfiedwhenever
. For , (4) is satisfied if andonly if

This lastexpressionis zeroif andonly if a factor

(7)

for someindex , which maydependon .
But, aswe have seen,(7) holdsif andonly if
is a nonzerointeger . The relation defines
the function for canbe defined arbitrarily.
Since is anonzerointeger if andonly if

is anonzerointeger , theexistenceof
is equivalentto theexistenceof asymmetric . Q.E.D.

Remark1: Note that the existenceof implies that is
one-to-one.

As in the1-D case,choosing to bea permutationof
ensuresthattheorthonormalconditionis satisfied.

Proposition5: If is apermutationof , thenthe -di-
mensionalFM transformisequivalenttoapermutationof signal
samplesfollowedby the -dimensionalDFT.

Proof: Similar to the proof for the one-dimensional
case. Q.E.D.

III. FM TRANSFORMSFROM PERMUTATIONS

For theremainderof this paper, we focuson FM transforms
built fromphasefunctions thatarepermutationsof . Wealso
identify with . Accordingto Proposition5, sucha
transformis equivalentto permutingthe input signalandthen
applyingtheordinaryDFT. Thus,it is of interestto identify sig-
nalswhoseDFT spectraaresparseto serveas targetsfor signal
permutation.Oncea collection of target signalsis chosen,a
generalsignal-adaptive transformstrategy is to match an input
signalvia permutationto a targetsignalthatis “close” andthen
apply theDFT. This strategy was introducedin [3] for one-di-
mensionalsignals.

We begin by identifying a family of signalson whose
DFT spectraare sparse.It will be convenient to write

and .

Definition 1 (Unidirectional Periodic Signal): A unidirec-
tional periodicsignal is any signalon thatsatisfies

1) dependsonly on the first coordinate of , i.e.,
if . We will abusenotationin this

caseandwrite .
2) For somepositive integer dividing is -peri-

odic in its first coordinate: .
If, in additionto 1 and2, aredistinct,
then is saidto beaproperunidirectionalperiodicsignal.

To emphasizethe period, we may say that a signal is
unidirectional -periodic. In two-dimensions,if denotes
the column coordinate,we note that target signals remain
invariant throughouta column. Hence,as we shall see, for
the least-squaresoptimal permutation,we will permuteimage
sampleswith similar intensity to the samecolumn, allowing
sequentialmemoryaccessesto thetargetsignal.

Proposition 6 (Spectrumof Unidirectional Periodic Sig-
nals): Let be a unidirectional -periodic signal on .
Then,theDFT of satisfies if either
doesnot divide or (i.e.,at leastoneof is
nonzero).

Proof: Since dependsonly on the first coordinate,it
is clearthat if . Now, assume doesnot
divide . Then

Considerthetermsin thelastsum.Since doesnot divide
, the integers

areall distinct . Applying yields

wherewe have written for . Thesenum-
bersare the complex th roots of unity, whosesum is
zero. Q.E.D.

Proposition7 (UniformlyDistributedSignals): Let divide
. A signal on canbepermutedto a unidirectional(re-

spectively, properunidirectional) -periodicsignalif andonly
if assumesatmost(respectively, exactly) distinctvalues,
eachwith multiplicity a positive multiple of .

Proof: Let beaproperunidirectionalperiodicsignal.
Let be a particularsampleof . that assumes
distinctvalueswith multiplicity . Let beoneof the
values.Wecanplace at

. Similarly, wecanplaceall
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distict values,andthe resultingsignalwill beproperunidirec-
tional periodic.

Next weconsiderthecasewhen assumesat-most dis-
tinct values.Let bea valuerepeating timeswhere

is a positive integer. Then,we think of as copiesof a
valuethat repeats times,andproceedin thesameway
aswehave just describedfor thepropercase. Q.E.D.

Propositions7 and6 imply thatsignalswith uniformly
distributedsamplescanbe representedusingvery few coeffi-
cientsin asuitableFM transformdomain, namely, usingtheFM
transformassociatedto the permutationthat makesthe signal
unidirectional.Thispermutationandits inverseareeasyto find,
asshown in [3]. This observationsuggeststheuseof a signal-
adaptiveFM transform,in which is afunctionof theinput.
In practice,of course,the matchingof signalsby permutation
will only be approximate,and the specification of may
actuallycarry a significant part of the representation(coding)
cost.Nevertheless,asdemonstratedin [3], andto a greaterex-
tent herein,thereare importantrate-distortiongains to be de-
rived from this approach.

Next, we will prove an invariancepropertyfor signal-adap-
tive FM spectra.Low variationin thespectraof a sequenceof
signalsis desirablesincetechniquessuchasDPCMcanbeused
to reducethecostof codingthesequence,therebyoffsettingin
part theoverheadof representingpermutations.First, we need
somedefinitions.Let besignalson (we think of asthe
“target” signal).If the permutation of minimizesthe en-
ergy quantity

(8)

thenwesaythat matches to . In casetheidentitypermuta-
tion matches to , thenwesay and arematched. Matching
permutationscanalwaysbefoundby usingsorting[3]. To make
this precise,we fix a bijection

is thenorderedby defining iff . The
bijectionservesasanindex for multidimensionalarrays.As an
example,for accessingmultidimensionalarraysdeclaredin a
computerlanguagelike “C”, the bijection is defined from the

-dimensionalarrayindex to an offset from thebaseaddress
of thearray.

A signal on is sortedprovided

anda permutation sorts provided is sorted.
Proposition 8 (See Proof and AssociatedAlgorithms in

[3]): If sorts and sorts , then , where
denotesfunctioncomposition,matches to .

Let beany two targetsignals.If wecanfind apermuta-
tion suchthat , thenit is clearthat

(9)

(10)

Therefore,finding a permutationthat minimizes(9) for is
equivalentto finding a permutationthatminimizes(10) for .
Furthermore,it is clearthata permutation suchthat

canbe found iff and sharethe samedistribu-
tion of values.Hence,signalsthatsharethesamedistributionof
valuesareequivalentandwearethusonly concernedwith iden-
tifying onememberof eachequivalentclass.Wedescribethese
equivalenceclassesin SectionIV.

If matches to a proper unidirectional -periodic
signal , thenwecaninterpret asanalyzing into “per-
centiles”in the following way. Write . Since

isproper, has distinctvalues, .
If , then if andonly if

for some . If wearrange
thevaluesof in ascendingorder, with multiplicity, anddi-
videthislist of valuesintoblocksof size (“percentiles”),
thenthevaluesin asingleblockwill bethosein theset

for somechoiceof .
Proposition9 (InvarianceProperty): Assumethat and

aresignalson thatsharethesamehistogramof values.
Let beaproperunidirectional -periodicsignal,andlet
and bepermutationsof and (respectively) that
match . Then,theDFT spectraof and satisfy

if and (11)

Proof: Let . Then

As weobserved,since is properunidirectional -periodic,
andsince matches , thedoublesum

is just thesumover oneblockof size of valuesof .
Since and have thesamehistogram

(12)
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and by reversing the stepsabove, we seethat
. Q.E.D.

Remark2 (Milder Conditionsfor Invariance): Notethatthe
conditionthat and sharethesamehistogramis actu-
ally stricterthanrequired.By carefullyexaminingtheproof,one
seesthat and needonly sharethesameaveragesover
eachof the analysisblocks[asgiven in (12)]. Furthermore,in
this proposition,we only considerunidirectionalsignalastar-
gets,but as will be proven in Theorem2, signalsthat arenot
uni-directionalareequivalentto uni-directionalsignals.

In fact,wecanshow thatmatchedsignalswith thesamehis-
togramalsosharetheentireFM spectra.

Proposition 10 (Invariance of Signal-Adaptive FM
Spectra): Assume and are signals on that
sharethe samehistogramof values.Let be an arbitrary
targetsignal,andlet beafixedpermutationthatsorts . Let

, and bepermutationsof and (respectively)
thatmatch . Then,theDFT spectraof and arethe
same.The reverseis also,clearly true. If the DFT spectraof

and arethe same,thenthe original signals and
sharethesamehistogramof values.
Proof: Let sort , and let sort . Then,

and arethe sortedlists of the samecol-
lectionof values.It follows that and

arealsothesameandhencetheir DFT spectra
arethesame. Q.E.D.

Theresultsof Propositions9 and10relateto theimplementa-
tionof FM transforms.In implementingFM transforms,justlike
JPEG,we breakthegiven imageinto blocks.If thehistograms
of thevaluesbetweentwo adjacentblocksarenotverydifferent
then it makes senseto apply differential pulsecodemodula-
tion (DPCM)encodingbetweentheFM coefficientsof adjacent
blocks.In practice,themilder conditionsof Proposition9 (see
Remark2) werefoundto hold,andDPCM was only appliedto
theFM coefficientsspecifiedin (11).Wewill returnto thispoint
in SectionVI.

IV. EQUIVALENCE OF TARGET SIGNALS

We have suggestedthat, becauseof their sparsespectra
andinvarianceproperty, unidirectionalperiodicsignalsform a
family of target signalswell-suitedto the signal-adaptive FM
transformstrategy. In [3], however, emphasiswas placedon
DFT basissignalsas the ideal targetsfor energy compaction
via permutation.In this section,we explore the relationship
betweenDFT basissignalsandunidirectionalperiodicsignals
from the perspective of the signal-adaptive FM transform
strategy. Wewill defineasuitableequivalencerelationbetween
(target)signalsandseethatall DFT basissignalsareequivalent
to properunidirectionalperiodicsignals.Furthermore,we will
describetheequivalenceclassesof DFT basissignalsunderthe
relation.For any family of targetsignals,thenumberof equiva-
lenceclassesis of interestsinceit is a measureof richnessand
descriptive power of signal-adaptive FM transformsthatmatch
to thetargetsignalsof thefamily. For theseresults,wewill use
basicconceptsfrom grouptheory, whichcanbefoundin [8].

According to Proposition8, matchingis accomplishedby
sorting.Thus,twotargetsignalsthatsharethesamehistogramof

valueswill bematchedby thesamesetof inputsignals,although
thematchingfor a giveninput signalmaybeaccomplishedby
a differentpermutation.Two targetsignalssharethesamehis-
togramof valuesif andonly if they arethemselvesrelatedby
a permutation,andsowe areled to the following definition of
equivalence.

Definition 2 (Equivalenceof TargetSignals): Two targetsig-
nals and on areequivalent, written , if and
only if thereis a permutation of suchthat .

Of course,equivalenttarget signalsneednot have the same
DFT spectrum.Frompreviousobservations,it iseasyto seethat
two properunidirectionalperiodicsignalsareequivalentif and
only if they have the samesetof values,andhencethe same
period.

Now weaddressequivalenceof DFTbasissignals.Fix
, a primitive, complex th root of unity. For each

, thereis a DFT basissignal given by
. A DFT basissignalcanbethoughtof asa grouphomo-

morphismin thefollowing way. Let

is the set of complex th roots of unity, and it is easyto
seethat formsagroupundercomplex multiplication.On the
otherhand,sincewe view forms a group
undervectoraddition . Any DFT basissignal is a
function , andthe fact that is a grouphomomor-
phismfollows from thefamiliar propertyof exponents

(13)

Since is a grouphomomorphism,it follows thatany two
valuesof areassumedwith thesamemultiplicity. Thispro-
pertyis statedmorepreciselyasfollows.For , write

(14)

Proposition 11 (Multiplicity of DFT Basis Signals): For
, if and arebothnonempty, then

and have thesamenumberof elements.
Proof: It sufficesto give theproof when because

the generalcasethenfollows by transitivity. Suppose
, i.e., that . Then

, so that . This shows that for any
particularchoiceof , we have

Clearly, then, has the samenumber of elementsas
. Q.E.D.

Fromthefactthat is a grouphomomorphism,it is easy
to verify that thesetof values

(15)
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forms a subgroupof . The subgroupsof arewell known,
andwe briefly describethemnow. For further details,seethe
discussionof cyclic groupsin [8]. If , write

(16)

It is easyto checkthat is a subgroupof . In fact, every
subgroupof is of the form for some .
Furthermore,if , then is asubgroupof
if andonly if (ascanbeeasilyverified).
It follows that if andonly if .
In particular

(17)

and so the subgroupsof are in one-to-onecorrespondence
with thepositive divisorsof . Thenumberof elementsin
is .

Example1: To illustratetheideasabovewedescribethesub-
groupsof moreexplicitly when . This choiceof
is of particularinterestfor implementation.The positive divi-
sorsof arethe numbers for . Thus,the
subgroupsof are

. Noticethatthesesubgroupsareall nested:

(18)

Proposition12(SetofValuesofDFTBasisSignal):
, where . Here,we understandthat

and .
Proof: Usinga well-known propertyof gcd (given in [9,

p. 10]), we canfind suchthat . Then
, andit follows that . Therefore,

. On the other hand,since is equalto
, we canfind aninteger suchthat .

With , it follows that , andso
for any

Then

This impliesthat . Q.E.D.
According to Proposition11, assumesits valueswith

uniform multiplicity. Proposition12 implies that the set of
valuesof is equalto a subgroup of . The number
of distinct valuesof is , a divisor of . From
theseobservations,it followsthat is equivalentto aproper
unidirectional -periodicsignal.

Wecannow characterizetheequivalenceclassesof DFTbasis
signals.

Theorem2 (Equivalenceof DFT BasisSignals): For
if andonly if .

Proof: if andonly if and have
the samehistogramof values.In view of Proposition11, the
histogramsare the sameif and only if the two signalshave
the samesetof values,i.e., if andonly if . By
Proposition12,this lastconditionholdsif andonly if

. Q.E.D.

NoticethatTheorem2 impliesthatthenumberof equivalence
classesof DFT basissignalsis nomore in Example1. In par-
ticular, thenumberof equivalenceclassesof DFT basissignals
dependsonlyon , not on thedimension of thehypercube.

Now, for matchingsignalsto targets,we needonly consider
the numberof distinct elementsin eachtarget. This is dueto
the fact that all signalsamplesthat get permutedto matchthe
locationof thesametargetsampleare(from theperspective of
the target) equivalent (alsoseeour discussionof bucketing in
[3]). Returningto Example1, we note that for matchingsig-
nalsto targets,we observe that hastwo elements,
hasfour elements has elements.Thus,we needa
singlebit persignalsamplefor matchingsignalsto theunique
uni-directionalsignalwith thesameelementsas , two bits
persignalsamplefor matchingsignalsto theuniqueunidirec-
tionalsignalwith thesameelementsas bits
persignalsamplefor matchingsignalsto theuniqueuni-direc-
tional signalwith thesameelementsas . This is summarized
in Fig. 1. Furthermore,in SectionV, we demonstratehow the
matchingcanbeachieved for two-dimensionalimageswith uni-
formly distributedsamplesin two andfour bins.

V. EXAMPLES OF FM TRANSFORMS

In thissection,wedemonstratetheuseof FM Transformsfor
two-dimensionalimages.We will presentexamplesfor images
associatedwith and . For -examples,we use
signalsthathavea histogramof two equallydistributedvalues.
For -examples,we usesignalsthat have a histogramof
four equallydistributedvalues.Wewill alsoaddressimplemen-
tation issues.

Without lossof generality, we pick a 2-D signal that hasa
histogramwith two equallydistributedvalues.Consider

N/2 samples N/2 samples

...
...

For eachsample,wewanttoassignasinglebit to indicatewhich
bin thesamplefalls in

N/2 samples N/2 samples

...
...

Usingthebit codesin , we canre-arrangethesamplesin the
originalsignalsoasto matchtheappropriatetransformdomain
samples.We match samplesby mappingthe smallestsignal
valueto thesmallesttransformdomainvalue,andthenthenext
smallestsignal value to the next smallesttransformdomain
valueandso on. For this two-bin signal,the mostappropriate
FFT basisfunction is

...
...

...
...

...
...

...
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Fig.1. RelationshipsbetweenFFTsubgroupsanddiscretesignalswith uniformly distributedsamples.Therequiredbitspersampledenotethenumberof bitsthat
arerequiredfor encodingthepermutationfor theFM transform.TheFM spectrumcoefficientsaredescribedin Proposition6. Also, examplesof FM transforms
for thecases

�����

and
�����

aredescribedin SectionsV andVI.

Using the bit codes , we mapthe original signal so as to
matchthisbasisfunction.For thepermutedsignal , wewrite

...
...

...
...

...
...

... (19)

Wenotethat hasaperiodof two alongthehorizontalcoordi-
nate.Hence, is a 2-D exampleof a unidirectional,period-2
signal.Along theverticalcoordinate, remainsconstant.

We next write thepermutedsignalas

...
...

...
...

...
...

...

...
...

...
...

...
...

...

(20)

TheFM spectrumfor thisexampleis nothingbut theFFTof the
permutedsignal.As shown in (20),thepermutedsignalrequires
twocoefficients.Thisexampleillustratesasimpleapplicationof
Proposition6.

A numerical1-D exampleis shown in Fig.2. In thisexample,
theFM transformcanreconstructthesignalexactly using1.04
bitspersample.TheFM transformisexactsincetheFM spectral
coefficientsarecomputedaftermultiplying by thetwo rootsof
unity: 1 and 1 (which canberepresentedexactly).

Next, we examine signals that have a histogramof four
equallydistributedvalues.Without lossof generality, wepick a
simplememberof thisgeneralclassof signals(see(21),shown
at thebottomof thenext page),satisfying .
We encodethepermutationrequiredto matchthesignalto the
FFTbasisfunctionsshown in (22)atthebottomof thepage.For
thissignal,welook for FFTbasisfunctionsthathaveperiod4 in
thehorizontaldirection.Notethatboth
and are such basis functions.
This observationmotivatesthesubgrouppropertydescribedin
Fig. 1. The subgrouppropertystemsfrom the fact that period

N/4 samples N/4 samples N/4 samples N/4 samples

...
...

N/4 samples N/4 samples N/4 samples N/4 samples
(21)

N/4 samples N/4 samples N/4 samples N/4 samples

...
...

N/4 samples N/4 samples N/4 samples N/4 samples
(22)
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Fig. 2. DFT andFM Spectrumresultsfor asignalthatis uniformly distributedin two bins(127and � 123).In (a),weshow thehistogramof thesignal.In (b),we
show thefirst 16samplesof thesignal(outof atotalof 1024samples),andits DFT magnitudespectrumin (d). In (c),weshow thefirst 16samplesof thepermuted
signal,andits corresponding,FM spectrumin (e). Theentropy of theDFT coefficientsis 17.89bits persample,andthePSNRis 86 dB. TheFM spectrumand
permutationbits correspondto 1.04bits persample,andthePSNRis infinite.

signalsare also of period . Now, to match
our signalto theFFT basisfunctions:
and , we use the bit codes to
re-arrange into a period4 signal

...
...

...
...

...
...

...
...

... (23)

TheFM spectrumis the FFT spectrumof thepermutedsignal
. As discussedearlier, it is capturedin the coefficients of

, andthe
dc coefficient.

A numerical,1-D example is shown in Fig. 3. The FM
transformcan reconstructthe signal exactly using 2.07 bits
per sample.The FM transformis exact sincethe FM spectral
coefficientsarecomputedaftermultiplying by thefour rootsof
unity: 1, 1, (whichcanberepresentedexactly).

It is clearhow to extendour discussionto bins.
Furthermore,it is fairly clear that the dimensionalityof the
signal doesnot affect our ability to rearrangethe samples
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Fig. 3. DFT andFM Spectrumresultsfor a signalthat is uniformly distributedin four bins(113,120,123,and127).Thefiguresarethesameasin Fig. 2. The
entropy of theDFT coefficientsis 16.03bits persample,andthePSNRis 86 dB. TheFM spectrumandpermutationbits correspondto 2.07bits persample,and
thePSNRis infinite.

along a single dimension. In our examples,we chose the
-coordinate.
For theDCT, we look for permutationsthatproducesignals

with twice theperiodof thecorrespondingFFT group.This is
accomplishedby mirroring the sampleswithin the period.We
illustratethis approachfor thetwo-bin case

...
...

...
...

...
...

...
...

... (24)

andthe four-bin case

...
...

...
...

...
...

...
...

... (25)

To be ableto visually identify how the permutedimageslook
like, we examine(24) and(25) asdigital images.For (24), we
assigntheblackcolor for , andthewhite color for . Along
eachcolumnof this image,theintensityremainsconstant.The
imageappearsas an alternatingsequenceof black and white
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Fig. 4. DFT andFM Spectrumresultsfor asignalthatis normallydistributedin two bins.Thefiguresarethesameasin Fig. 2. For theDFT, theaccoefficients
weredividedby 200beforeroundingof to thenearestintegervalues.Thedc coefficient was dividedby 2 beforeroundingto thenearestintegervalue.Similary,
for theFM transform,thespectralcoefficientsthatdid notcapturetheenergy wereroundedin thesameway [seetext and(e)]. Theentropy of theDFT coefficients
is 10.3bits persample,andthePSNRis 39.9dB. TheFM spectrumandpermutationbits correspondto 6.8bitspersample,andthePSNRis 40.1dB.

stripes.Eachstripeis two pixels thick. Similarly, (25) appears
asanalternatingsequenceof white,two-pixel columns(coming
from columnsof ) andblack,two-pixel columns(coming
from columnsof ). Betweenthewhite andblackstripes,
we have a transition stripe coming from columnsof .
We expect to observe similar stripepatternswhenexamining
generalimagespermutedto matchthe structuresof (24) and
(25). This is seenin Fig. 8(a) and(b), the permutedblocksof
Fig. 12(a)and(b), (seeSectionVI for moredetails).

Wegeneralizeourdiscussionfor matchingany givensignalto
, or . For

matchinga signal to , we simply per-
mutethe lowesthalf of the samplesas if they were , while
samplesin theupperhalf arepermutedas

permutedas

permutedas

(26)

For matchingasignalto , webreak
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Fig. 5. DFT andFM spectrumresultsfor asignalthatis normallydistributedin four bins.Thefiguresarethesameasin Fig. 2. For theDFT, theaccoefficients
weredividedby 100beforeroundingof to theclosestintegervalues.Similary, for theFM transform,thespectralcoefficientsthatdid notcapturetheenergy were
roundedin thesameway [seetext and(e)].Theentropy of theDFT coefficientsis 12.4bitspersample,andthePSNRis 45.9dB.TheFM spectrumandpermutation
bits correspondto 7.3 bits persample,andthePSNRis 46.2dB.

thesignalinto quartiles

permutedas

permutedas

permutedas

(27)

NumericalresultsarepresentedinFigs.4and5.In theseexam-
ples,two multi-modal,normallydistributedsignalsareused.In

thefirstexample,theFMreconstructedsignalhasslightlylessdis-
tortionatlessthan70%thebit rateof thecorrespondingdiscrete
Fouriertransform.Similarly, for thesecondexample,theFM re-
constructedsignalhasslightly lessdistortionatlessthan60%the
bit rateof thecorrespondingdiscreteFouriertransform.

Using this generalmethodfor matchingarbitrarysignalsto
, and , we

conjecturethatmostof thesignalenergy shouldbecapturedin
(i) theidealFM coefficientsdescribedin Proposition6,followed
by (ii) thehorizontalFM coefficients,and(iii) thenonhorizontal
FM coefficients.Theclaim that the idealFM coefficientscap-
turemostof signalenergy is vividly demonstratedin theexam-
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Fig. 6. Rate-distortioncurves for FM transformand JPEGfor the sensor
image.In all plots,we plot thePSNRversusbits perpixel. TheFM-transform
resultsareplottedin solid line, while JPEGresultsareplottedusinga dashed
line. In (a), we show resultsfor one-bitpermutations.In (b), we show results
for two-bit permutations.

plesof Figs.2(d), 2(e),3(d), 3(e),4(d), (e), and5(d) and5(e).
TheidealFM coefficientsareaboveall othercoefficientsin or-
dersof magnitude.TheclaimthatthehorizontalFM coefficients
areexpectedto capturemoreof the energy than the nonhori-
zontalFM coefficientsis lessobvious.To seewhy this is true,
wereturnto thepermutedmatricesof (19),(23),(24),and(25).
Werecallthatthepermutedimagesareformedafterfirst sorting
theimagevalues,andthenarrangingsuccessivepixelsacrossa
column.Hence,we expectfar lessintensityvariationacrossa
columnthanacrossa row. This conjectureis alsoseento hold
for moregeneralimages[seethepermutedimagesof Fig. 8(a),
(b), andthepermutedblocksof Fig. 12(a)and(b)]. Weobserve
far lessintensityvariationsacrossthecolumnsthanacrossthe
rows.In theidealcase,whenthereisnointensityvariationalong
thecolumnsof animage,thenonhorizontalSpectralcoefficients
arezero.It thenfollows thatthehorizontalspectralcoefficients
capturemoreof theenergy in theimage.

VI. APPLICATIONS

As a sampleapplicationof the discreteFM transform,we
considera natural and significant example: signal compres-
sion.Considerthe original imagesdisplayedin Fig. 7(a)1 and
Fig.11(a)(a grayscaleimage).Thetwoexamplesthat

1Thisisa
�����������	�

imagesegmentof thesensorimagem78p1f24hh.884 ,
and it was taken from http://www.mbvlab.wpafb.af.mil/public/MBV-
DATA/adts.htm.

Fig. 7. JPEGresultsfor thesensorimage.(a) Theoriginal imageis an8-bit
imageof size

�����
�������

. TheoptimizedJPEGreconstructedimageis shown
in (b). TheoptimizedJPEGis computedat1.33bitsperpixel ataquality factor
of 20, at a PSNRof 18.13dB.

we areshowing arewell suitedfor theFM transformmethods
thatwe havedeveloped,essentiallydueto thenoiselike texture
that they contain.JPEGandmost traditional techniqueshave
notbeingveryeffective in compressingthesekindsof textures.

To efficiently capturethe texturesin the two examples,we
implementtwo distinct transforms1) FM transformson
blocksand2) a hybrid techniqueusingeitheranFM transform
or theDCT oneach block.For thesensorimage,thesame
textureis presentthroughouttheimage,andweappliedtheFM
transformoneach block(seeresultsin Fig.6).For theMan-
drill image,thetexture is only foundon portionsof the image,
andwethusappliedthehybrid transform,in anattemptto allow
the FM transformtechniqueto effectively capturethe texture,
while leaving the smoothregionsto the DCT. For generalim-
ages,wherethereis no knowledgeof thepresenseof texturein
theimage,thehybrid methodis clearlythebestoneto try.
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Fig. 8. Permutedimagesfor thesensorexample.(a) Theone-bitpermutation
imageand(b) thetwo-bit permutationimage.

Toanalyzetheperformanceof theFM transforms,weconsider
thepermutationoverhead.We only considertargetsignalsthat
haveaconstantoverheadof eitheronebit persample,oranover-
headof twobitspersample(aswehavedescribedin SectionV).
To reducethe permutationoverhead,we employ two different
methodsfor encodingthepermutationbits. In directencoding,
wesimplystorethebit codeswithoutprocessing.For theimages
thatweconsiderhere,thisisthepreferredmethod.In scanneden-
coding,wescanthe arrayof codesin horizontal,vertical
or someotherscanorder. Thescanningdirectionisdefinedtobe
orthogonaltothedirectionofmaximumenergyin thetwo-dimen-
sionalpowerspectrum.For example,if thesumof all thepower
alongthediagonalfrequencies isgreaterthanthesums
alongthehorizontalandverticaldirections,weusezig-zagscan-
ning of thepermutationcodes.For the imagesthatwe arepre-
sentinghere,thereis usuallynopreferreddirectionandthereis
norealneedtodeterminethepreferreddirection. However, for

Fig. 9. FM reconstructedimagesfor thesensorexample.In (a), we have the
reconstructedimagefor the singlebit FM transform.It is encodedat 1.49bit
perpixel,with aPSNRof 18.90dB. In (b),wehavethereconstructedimagefor
thetwo-bit FM transform.It is encodedat 2.42bits perpixel, with a PSNRof
22.50dB.

applyingFM transformsto smoothimages,for futureresearch,
wehopethatscanningcodeswill proveuseful.

It is clear that all coding gains are due to the quantization
of the FM spectrum.For a specified numberof permutation
bits persample,we have a correspondingnumberof dominant
FM coefficients: the nonzero spectrumcoefficients of the
unidirectional -periodic signal (seedefinition in Propo-
sition 1). For theDCT implementationof the FM transform,
thedominantcoefficientsarea bit different.It is easyto show
that in the two-dimensionalDCT-spectrum,in the first row,
the dominantcoefficients are the 0th and 4th coefficients for
one-bitpermutations,andthey arethe0th,1st,3rd,5th and7th
coefficientsfor two-bit permutations.Due to the invarianceof
thesedominantFM coefficients(seeProposition9), we apply
a DPCM techniqueto encodethesecoefficients(similar to the
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Fig.10. Rate-distortionresultsfor theMandrill image.For thisimage,weused
a hybrid transform(seetext). For one-bit permutations,we show the results
in (a). For two-bit permutations,we show the resultsin (b). The solid lines
representthehybrid FM transform,while thedashedlinesrepresentJPEG.

DPCM of the dc coefficient in JPEG).Furthermore,we used
the standardHuffman table for encodingdc coefficients for
encodingthesecoefficients(given in [10]).

Thepermutedimagesareshown in Figs.8 and12,wherewe
plot thepermutedimagescorrespondingto Figs.7(a)and11(a).
Thehorizontalstripesin thepermutedimagesconfirm our ex-
pectationthatfor thenoiselike,granulartexturedregions,suitable
permutationshaveconvertedthemintoalmostunidirectional,pe-
riodic signals(seeSectionV). Most promisingis the fact that
FM reconstructedimagesshown in Figs.9 and13arefreefrom
blockingartifactsthatareclearlypresentin theJPEGimagesof
Figs.7(b)and11(b).Blockingartifactshavebeeneliminateddue
to1)thepermutedimageblocksareapproximatelyunidirectional
periodic,andsinceunidirectionalperiodicsignalsarefreeof any
blocking artifacts,the permutedimageblockscanbe encoded
with lessblockingartifacts,and2) the reducedartifactsin the
permutedimageblocksareeliminatedwhentheimagesamples
attheedgesarepermutedtodifferentlocationswithineachblock.
It is easyto recognizewhatanFM imagewill look like at very
low bit rates.In theextremecase,whereonly thedominantFM
coefficientsarekept,thelow-bit rateFMimageappearslikeahis-
togramequalizedversionof theoriginal image(equalizedover
eachblock).Thenumberof equalizationlevelsis determinedby
thenumberof permutationbits.

Basedon our discussionon the relative importanceof dif-
ferentcoefficients,it is naturalto chosedifferentquantization
levels basedon the importanceof eachcoefficient. To specify

Fig.11. Mandrill imageresultsfor JPEG.In (a),weshow theoriginalMandrill
image.In (b), we show the(optimized)JPEGimagefor thequality setto 30 in
cjpeg . At this quality level, JPEGis codedat 1.0745bits per sample,at a
PSNRof 23.67dB.

the quantizationlevels, we usethreedifferentquality factors:
(i) iq for idealquality factor, which is usedwith thehorizontal,
unidirectionalperiodiccoefficients,(ii) hqfor horizontalquality
factor, whichwill is usedfor thehorizontalcoefficientsthatare
not coveredby theidealquality factoriq, and(iii) nhqfor non-
horizontalquality factors,which is usedfor the nonhorizontal
coefficients.Weuseverysimplerelationshipsfor describingthe
relationshipsamongthe quality factors.For one-bit permuta-
tions,we set

��� ���

and �

��� ���

, while for two-bit per-
mutations,we set

��� ���

and �

��� ���

. Hence,given a
valuefor the ideal-qualityfactor iq, we obtainsimpleexpres-
sionsfor hq andnhq, which we canuseto computethequanti-
zationlevelsfor: (i)

�����

for theidealquantizationlevelscorre-
spondingto iq, (ii)

���	�

for thehorizontalquantizationlevels
correspondinghq, (iii) �

���	�

for the nonhorizontalquantiza-
tion levelscorrespondingtohq. Again,weusesimple,empirical
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Fig. 12. Permutationimagesfor theMandrill example.Theone-bitpermuted
imageis shown in (a),while in (b),weshow thetwo-bit permutedimage.When
theimagedoesnotappearpermuted,we areusingJPEGfor thatblock.

expressions(for thestandard imageblock)

����� ���

�

���

�

�

�

�

���

�

�

�

(28)

Now that we have specified the quantizationlevels for the
FM transformalone,we turn to the problemof implementing
a hybrid transform.For the hybrid transform,we would like
to specify the DCT quantizationtablesso that the numberof
bits requiredfor encodingDCT blocksandthenumberof bits
requiredfor encodingFM blocks are comparable.For using
hybrid transformsto compressimagesat about two bits per
sample,weusethestandardquantizationtableof theDCT [10].
For usinghybrid transformsto compressimagesat onebit per
sample,wemultiply eachentryin thequantizationtableby two
andusetheresultasthenew quantizationtable.Then,for each

Fig. 13. FM reconstructionresults for the Mandrill image. For one-bit
permutations,we show thereconstructedimagein (a). It is compressedat 1.49
bit per pixel, with a PSNRof 18.90dB. Similarly, for two-bit permutations,
weshow theresultsin (b). It is compressedat 2.42bits perpixel, with a PSNR
of 22.50dB.

imageblock,wemustselectwhetherto applytheFM transform
or theDCT.

We usea simplerule to decidewhetherwe shouldapplythe
FM transformor not.For onebit permutations,if JPEGrequires
morethan64bitsfor ablock,wethenchoosetoapplyFM trans-
formsinstead.Similarly, for two bit permutations,if it requires
more than128 bits for a block, we thenchooseto apply FM
transformsinstead.

Forone-bitpermutations,wepresenttherate-distortioncurves
in Figs.6(a)and10(a).For two-bit permutations,wepresentthe
resultsin Figs.6(b)and10(b).For encodingthespectralcoeffi-
cientsweusebaselineHuffmancodingforallFMtransforms.For
computingFM transformatdifferentbitspersample,wesimply
variedthedominantqualityparameterbetween5(producingthe
rightendpoints),and24(producingtheleft endpoints).Weshow
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compressedimagesforthesensorimageinFig.9,andfortheMan-
drill imagein Fig. 13. TheJPEGimageswerecomputedusing
cjpeg for baselineJPEG,but alsousingoptimizedJPEGusing
theoptimizedflag for cjpeg .

For the sensorimage,Fig. 7(b) shows the optimizedJPEG
imagewhich was compressedat 1.33bits perpixel, at a PSNR
of 18.13dB (for aquality factorof 20).For theMandrill image,
Fig. 11(b) shows the optimizedJPEGimagewhich was com-
pressedat 1.07bits perpixel, with a PSNRof 23.67dB (for a
quality factorof 30).As we pointedout earlier, bothJPEGim-
agessuffer from severeblockingartifacts.For thesensorimage,
we show theone-bitFM reconstructedimagein Fig. 9(a).It is
compressedat 1.49bit perpixel, with a PSNRof 18.90dB. It
correspondsto therightmostpointin therate-distortioncurveof
Fig. 6(a).For thetwo-bit FM reconstructedimagein Fig. 9(b),
theimageis compressedat 2.42bits perpixel, with a PSNRof
22.50dB. It correspondsto theleftmostpoint in therate-distor-
tion curve of Fig. 6(b).

Wenext explain theresultsfor thehybrid transform.Thehy-
brid transformwas appliedto theMandrill image.Theone-bit
permutedimageis shown in Fig. 12(a),while in Fig. 12(b),we
show the two-bit permutedimage.Whenan imageblock does
not appearpermuted,we areusingJPEGfor thatblock. When
animageblock is permuted,thepermutedimageformsthever-
tical stripes,andtheFM transformis appliedfor theseblocks.
For one-bitpermutations,we show the reconstructedimagein
Fig. 13(a).This imagewas compressedat 0.98bits per pixel,
at a PSNRof 23.89dB. It correspondsto the leftmostpoint of
the rate-distortioncurve, for

���������
	��
� ���
	��������

. Simi-
larly, for two-bitpermutations,weshow theresultsin Fig.13(b).
This imagewascompressedat1.66bitsperpixel, ataPSNRof
27.05dB. It correspondsto theleftmostpointof therate-distor-
tion curve, for

���������
	��
� ���
	��������

.
Clearly, theFM transformprovidesbetterrate-distortionper-

formancein Fig. 6, while thehybrid methodshows betterrate-
distortionperformancein Fig.10.As demonstratedin Fig.12(a)
and(b), thehybrid transformworkedverywell, in thesensethat
it separatedout the texture in the imagefor applicationof the
FM transform,while thesmoothregionswereleft to JPEG.The
adaptive schemeseemsto have worked exceptionallywell for
theone-bitcase,while for thetwo bit case,our simplerule ap-
pearsto bealittle conservative, selectingJPEGto beappliedon
someblockswherethetextureisnotaspronounced.Overall,we
believe thatthehybrid methodholdsgreatpromise.

VII. CONCLUSION

In thispaper, wehavedemonstratedpromisingcodinggains,
especiallyon imagescontainingrough,noiselike, or granular
texturedregions.Wehopethatfurtherresearchin FM transform
signalcompressionwill confirm theimproved performanceon
a largeclassof images.We alsobelieve thatdiscreteFM trans-
formshavethepotentialfor abroaderspectrumof applications,
e.g.,in signal/imagecryptography andgeneralimageanalysis.
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