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MultidimensionalOrthogonalFM Transforms

Marios S. Pattichis, Alan C. Bovik, Fellow, IEEE, JohnW. Havlicek, and
NicholasD. Sidiropoulos SeniorMembey|IEEE

Abstract—We presenta novel classof multidimensional orthog-
onal FM transforms. The analysissuggests novel signal-adaptive
FM transform possessingnteresting energy compaction proper-
ties.Weshow that the proposedsignal-adaptive FM transform pro-
ducespoint spectra for multidimensional signalswith uniformly
distrib uted samples.This suggestghat the proposedtransform is
suitable for energy compaction and subsequentcoding of broad-
band signalsand imagesthat locally exhibit significant level diver-
sity. Weillustrate theseconceptswith simulation experiments.

Index Terms—AM-FM, orthogonal transforms.

. INTRODUCTION

T IS very difficult to describenonstationarysignals by

expansionsof stationarysignals.Even wavelet expansions
suffer since wavelet functions assumestationarity over the
support of the function. To avoid such limitations, a mul-
tidimensional discrete amplitude and frequeng-modulated
(AM-FM) seriesexpansionwas first proposedn [1], wherean
arbitraryimageis expresseds

I(a:l , .772) = Z an(xla-TQ) exp[jd)n(aﬁ, '772)]

n

@)

The amplitude functions «,(-,-) are assumed to be
slowly-varying, and the phase functions ¢,(-,-) are as-
sumedto have slowly-varyinginstantaneoufequeng vectors
V.

For modelingnonstationarymages,AM-FM expansionsof
theform (1) have greatpotentialsincethe amplitudeandphase
functionsareallowedto varycontinuouslyover theimageplane.
In this paper we study a discreteversion of the continuous
AM-FM transformrepresentatiorthat was introducedin [2].
Thework thatwe presenhereis a continuationof theresearch
resultsin [3].

In this paper we consideraninterestingclassof orthogonal
FM transformsgderived from usinga permutationof the signal
sampledollowedby the DFT. In theforwardtransformdomain,
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the transformis equialentto 1) a permutationon the image
samplesfollowedby 2) aDFT (or DCT) of the permutedsam-
ples.In theinversetransformdomain,we first apply 1) a DFT
(or DCT), followed by 2) the inversepermutation(the inverse
of the permutationin Stepl) of the forwardtransform).

One-dimensionaAM-FM expansion$have alsobeenstudied
in [4], [5] and[6], whereone-dimensionaAM-FM expansions
were expressedin terms of frequeng-amplitude modulated
(FAM) comple exponentials.The classof FAM functionsis
indexed by aparametety, andthe FAM functionsareexpressed
as:FAM(«,z) = +/dg(x)/dz exp[jag(x)]. Whenthe FAM
setis designedn the frequeng domain,the setof functionsis
called FAMlets. FAM functionshave also found applications
in signalcompressionThe FAM functionshave the limitation,
however, thatthe AM andFM termsarecoupled.

More generaklasse®of one-dimensionall-D) AM-FM ex-
pansionsare also presentedn [7]. The authorssuggesthata
large classof signalprocessinglgorithmscanbethoughtof as
being composedf threegeneralsteps:1) applying a unitary
transformatiorto the signalor image,2) processinghe trans-
formedsignalor image,andpossibly3) transformingtheresult
back.In this generalschemepur methodconsiderspermuta-
tionsastheunitarytransformationTheauthorsof [7] have also
presentea@varietyof importanttime-warpingfunctionsthatare
associatedvith 1-D FM signalsthathave beenstudiedin thelit-
erature.

The multidimensional FM expansions that we present
here are fundamentallydifferentfrom thosein other studies:
since permutationshave no continuous-spacenalogue,our
expansionshave no continuouscounterpartHence,this class
of FM transformsprovides a novel approachto the problem
of expandingsignalsasa sumof multidimensionaFM series.
The analysissuggestsa novel signal-adaptie FM transform
possessingnterestingenegy compactionpropertiesWe show
thatthe proposedsignal-adaptie FM transformproducesgpoint
spectrgor multidimensionakignalswith uniformly distributed
samplesandvery narrovbandspectrafor signalswith approx-
imately uniformly distributed samples.Theseresultssuggest
thatthe proposedransformis suitablefor enegy compaction
andsubsequentodingof broadbandnoise-like signalsandim-
agesWeillustratetheseconceptith simulationexperiments.

We organizethe restof the paperin four sections.In Sec-
tion Il, we derive the generalconditionsfor designingmultidi-
mensionalprthogonalFM transformsWe also considersome
classe®f FM transformghatareof specialinterestWe present
examplesof two dimensionalFM transformsin SectionV. In
SectionVI, we describean examplewherea two dimensional
FM transformis implemented and then comparethe perfor-
manceto JPEG.In SectionVIl, we summarizeour description
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for the FM transformcodingexample,andbriefly commenton
future researclon FM transforms.

Il. FM TRANSFORMS

Let z(-) be a boundedM -dimensionalsignal with domain
the discretehypercube = {0,1,..., N — 1}*. This means
that z(-) is a function suchthat, for every ¢ € @, z(-) is a
comple numberLater, wewill understanthat@ = (Z/N)M,
whereZ /N denoteshering of integersmodulo.N. Motivated
by codingapplicationswe areinterestedn expressingz(-) as
asumof FM components

= — Z Xk exp{ —k- @(n)} (2)
? xeQ
suchthatthe FM spectrumX (-) canbe computedusing
2
= — Z n)exp |:—J Nﬁk . ‘I’(n)} . 3)
nEQ
Here,n = (ny,n2,...,ny) andk = (ki,ke,..., kyn) de-

noteelementf . We understandhatthe FM phaseunction
®() = ($1(),$2();...,pa()) takesvaluesin (R/N)M,
whereRR is the real line. Also, we use“-” to denotethe stan-
dardinnerproductreducedmod N

k-®m)=kdi(n)+ kepa(n) + - + kyrdar(n) mod N.

In (2), the kth FM componentexp[—;(2r/N)k - ®(-)] is
weightedby the correspondind=M spectralcoeficient X (k),
and the sum of thesecontritutions over all k € @ synthe-
sizesthe original signalz(-). The FM spectrumX (-) depends
on the choiceof €(-). Thus,the FM transformis actually a
classof transforms;a particularinstanceis specifed by se-
lectingan(R /N )™ -valuedphasdunction®(-) andkernelcon-
stantKg > 0 suchthatthe synthesidormula(2) andtheanal-
ysisformula(3) hold for anarbitraryboundedsignalz(-). The
dependencef X () on ®(-) shouldbe understoocandis not
generallywritten explicitly .

Thefollowing propositionclarifiesthedependencef the FM
transformon the choicesof ®(-) andKs.

Proposition1 (Uniqueness):Let &, ¥ : Q@ — (R/N)M,
andlet Fg, Fg denoteassociatedM transformsThenFg =
Fyg if andonly if Kg = Kg and® = Y mod N.

Proof: SupposeFs = Fw. Applying bothtransformso
6(n — p) gives

Kiq)exp[ Nk B(p )} zKiq,eXp[ Nk ¥(p )}

forall k,p € Q. Puttingk = 0, we concludethat K = Ky,
andso

exp | -k 2(p)] = exp| -k W)
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forall k, p € Q. Now putk = e,, theath standardunit vector
to get

exp |- 3i6u(9)] = ex| -3 ()]

foralla € {1,...,M} andall p € Q. Thisimpliesthat® =
Wmod N.
Thecorverseis obvious. Q.E.D.

Next, we derive a generalorthonormalitycondition.
Proposition2 (OrthonormalityCondition): Assumethat &
satisfes

iz o] ik (@) - 8| —on-p) @)

P ke

forall n,p € @, whereé(-) denoteghe Kronecler deltafunc-
tion. Thenary boundedsignalz(-) on @ is given by

o) = g Y X[k 2]
kcq@
wherethe FM spectrumis given by
1 27
X(k) = Ka Z x(n) exp |:—j Nk . @(n)} . (6)

neq

Proof: The proof follows after using (6) to substitutefor
X (k), intheright-handsideof (5).
For 1-D FM transformsthe form of & is determinedby the
following proposition. O
Proposition3 (OrthonormalFM Transformsn OneDimen-
sion): Let M = 1. Thentheorthonormakondition(4) is satis-
fiedif andonlyif ®(¢) = o(¢)+B mod N for somepermutation
o 0of{0,1,..., N — 1} andsomerealnumbers. Furthermore,
thekernelconstanis given by K¢ = v/N.
Proof: The proof is straightforvard and has been
omitted. O
Proposition4: If ¢(-) is a permutationof {0, ..., N — 1},
thenthe associatedne-dimensionakFM transformis equia-
lentto apermutatiorof signalsamplegollowedby theordinary
DFT.
Proof: Theproofis straightforvardandhasbeenomitted.
We now generalizeProposition3 to multiple dimensions.[d
Theoem 1 (Multidimensional Orthonormal FM Trans-
forms): Let K¢ = N™/2 whereM is the numberof spatial
dimensions.Let ® = (¢1,...,¢n). Then & satisfes the
orthonormalcondition (4) if andonly if thereis a symmetric
functiona : @ x Q@ — {1,..., M} suchthat

¢a(n,p) (n) - ¢a(n,p) (p)

is anonzerointegermod N when&er n # p. [By symmetri¢
we meanthata(n, p) = «(p,n) foralln,p € Q.]
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Proof: SinceKs = NM/2 (4)is satisfedwheneern =
p. For n # p, (4) is satisfed if andonly if

0= Zexp|}1

keQ

M o
= Z H exp [Jﬁka(d)

keQ a=1

27

ke (@0 - 20)

() = 6a(0)

N—-1 M |:

=Y Y [[ew <n>—¢a<p>>}

k=0 kpr=0a=1
N-1
= <Z exp[ Ei(¢pr(m) — ¢1(P))}>
k=0
Nl 27w
. < Z exp |:ij1\4(¢1\4(11) - d)ﬂf(p))})
kpr =0

-1

_H<Zexp{

This lastexpressions zeroif andonly if afactor

N—-1
) exp[

k=0

F(da(n) - ¢(,,<p>>D .

F(da(n) — ¢a<p>>} 0o

for someindex « € {1,..., M}, whichmaydependn (n, p).
But, aswe have seen(7) holdsif andonly if ¢,(n) — ¢.(p)
is a nonzerointegermod N. Therelation(n, p) — « defines
the function« for n # p; «(n,n) canbe defined arbitrarily.
Since¢,(n) — ¢,(p) isanonzerantegermod NV if andonly if
?a(P) — ¢o(n) is anonzerantegermod N, the existenceof «
is equivalentto the existenceof a symmetrica. Q.E.D.

Remarkl: Note thatthe existenceof « impliesthat & is
one-to-one.

As in the 1-D casechoosing®(-) to be a permutatiorof @
ensureghatthe orthonormalkonditionis satisfed.

Proposition5: If ®(-) is apermutatiorof ¢}, thenthe A -di-
mensionaFM transformis equivalentto apermutatiorof signal
sampledollowed by the M -dimensionaDFT.

Proof: Similar to the proof for the one-dimensional

case. Q.E.D.

For the remaindeof this paper we focuson FM transforms
built from phasdunctions® thatarepermutationsf . Wealso
identify @ with (Z/N)™. Accordingto Proposition5, sucha
transformis equialentto permutingthe input signalandthen
applyingtheordinaryDFT. Thus,it is of interestto identify sig-
nalswhoseDFT spectraaresparsdo sene as targetsfor signal
permutation.Oncea collection of target signalsis chosen,a
generalsignal-adaptie transformstratey is to matd aninput
signalvia permutatiorto atargetsignalthatis “close” andthen
applythe DFT. This stratgyy was introducedin [3] for one-di-
mensionakignals.

We beggin by identifying a family of signalson @ whose
DFT spectraare sparselt will be corvenientto write ¢/ =
(Z/N)]w_l andn’ = (712, . ,7’LJ\4).

FM TRANSFORMSFROM PERMUTATIONS
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Definition 1 (Unidirectional Periodic Signal): A unidirec-
tional periodicsignalz(-) is ary signalon @ thatsatisfes

1) z(n) dependonly on thefirst coordinaten; of n, i.e.,
z(n) = z(p) if ny = p;. Wewill alusenotationin this
caseandwrite z(n) = z(nq).

2) For somepositive integer T" dividing N, z(+) is T-peri-
odicin its first coordinatez(n,) = z(n1 + 7).

If, in additionto 1 and2, z(0), (1), ...,x(T — 1) aredistinct,
thenz(-) is saidto bea properunidirectionalperiodicsignal.

To emphasizethe period, we may say that a signal is
unidirectional 7-periodic. In two-dimensions,if n; denotes
the column coordinate,we note that target signals remain
invariant throughouta column. Hence, as we shall see,for
the least-squaresptimal permutationwe will permuteimage
sampleswith similar intensity to the samecolumn, allowing
seguentiamemoryaccesseto thetargetsignal.

Proposition 6 (Spectrumof Unidirectional Periodic Sig-
nals): Let z(-) be a unidirectional T-periodic signal on Q.
Then,the DFT X (-) of z(-) satisfes X (k) = 0 if either N/T
doesnotdivide k; ork’ # 0 (i.e.,atleastoneof ko, ..., kys is
nonzero).

Proof: Sincex(-) depend®nly on thefirst coordinateijt
is clearthat X (k) = 0 if k’ # 0. Now, assumeV/T" doesnot
divide k1. Then

1

Ly Y.
0<p<T—1 1n/eQ’
0<u<(N/T)—1

2
X exp |:J—7r(/€1 (uT +v)+k - n’)}

T—1
BRSSP E
QnCQ’u =0
N/T—1

X Z eXp|: —/WT}

Considerthetermsin thelastsum.Since N/T doesnot divide
k1, theintegers

X(k) = (pT +v,n

0, by T, 2k, T, .., (N/T) — 1)k, T

areall distinctmod N . Applying exp[j (27 /N )(-)] yields

LwhT i (NI T
wherewe have written Wy for exp[j(27 /N)(-)]. Thesenum-
bersare the complex (N/T')th roots of unity, whosesumis
Zero. Q.E.D.
Proposition7 (Uniformly DistributedSignals): Let 7" divide
N. A signalz(-) on ) canbe permutedo a unidirectional(re-
spectvely, properunidirectional)Z’-periodicsignalif andonly
if 2(-) assumeatmost(respectrely, exactly) T distinctvalues,
eachwith multiplicity a positive multiple of N /T,
Proof: Letz(-) beaproperunidirectionalperiodicsignal.
Let z(ny) be a particularsampleof z(-). thatz(-) assumeq’
distinctvalueswith multiplicity N™ /7. Let z; beoneof theT
valuesWecanplacez; atz(i, no,...,nar), ..., x(t+(N/T —
1DT,),0 < ng,...,npy < N—1.Similarly, we canplaceall T’
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distict values,andthe resultingsignalwill be properunidirec-
tional periodic.

Next we considerthecasewhenz(-) assumest-mostT’ dis-
tinct values Let z; beavaluerepeatingnN* /T timeswhere
m is a positive integer. Then,we think of x; asm copiesof a
valuethatrepeatsV* /T times,andproceedn the sameway
aswe have justdescribedor thepropercase. Q.E.D.

Propositions7 and6 imply thatsignalswith 7°| N uniformly
distributed samplescan be representedising very few coefi-
cientsin asuitableFM transformdomain namelyusingthe FM
transformassociatedo the permutationthat makesthe signal
unidirectional This permutatiorandits inverseareeasyto find,
asshaown in [3]. This obsenation suggestshe useof a signal-
adaptiveFM transformjn which ®(-) is afunctionof theinput.
In practice,of course the matchingof signalsby permutation
will only be approximateand the specifcation of ®(-) may
actually carry a significant part of the representatiorfcoding)
cost.Neverthelessasdemonstrateth [3], andto a greaterex-
tent herein,thereare importantrate-distortiongainsto be de-
rived from this approach.

Next, we will prove aninvariancepropertyfor signal-adap-
tive FM spectral ow variationin the spectraof a sequencef
signalsis desirablesincetechniquesuchasDPCM canbeused
to reducethe costof codingthe sequencetherebyoffsettingin
partthe overheadof representingpermutationsFirst, we need
somedefinitions. Let x, ¢ besignalson @ (we think of ¢ asthe
“target” signal).If the permutation® of ¢ minimizesthe en-

ergy quantity
> (@(®(k) - t(k))? ©)

keQ

thenwe saythat® matdesz to ¢. In casetheidentity permuta-
tion matches: to ¢, thenwe sayx and¢ arematced Matching
permutationganalwaysbefoundby usingsorting[3]. To make
this precisewe fix a bijection

B:Q—{1,...,

Q) is thenorderedby defining k < n iff (k) < S(n). The
bijectionsenesasanindex for multidimensionahrrays.As an
example,for accessingnultidimensionalarraysdeclaredin a
computerlanguagdike “C”, the bijectionis defined from the
M -dimensionalrrayindex to an offsetfrom the baseaddress
of thearray

A signalx on () is sortedprovided

N]W}.

k <n= z(k) < z(n)

andapermutation® sortsz providedz(®(-)) is sorted.
Proposition 8 (See Proof and AssociatedAlgorithms in
[3]): If ® sortsz and ¥ sortst, then ® o ¥, whereo
denotedunctioncompositionmatchese to ¢.
Lett, t2 beary two targetsignalsIf we canfind apermuta-
tion ¥ suchthatt; (k) = #2(®(k)), thenit is clearthat

Y (@(@(k) — ta(k))?

kCQ

=) (@(2

keQ

k)) — t2(¥(k)))* 9)
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=) (#(®oTTH(k)) —ta(k))%. (10)

keQ

Therefore finding a permutationthat minimizes(9) for ¢, is

equialentto finding a permutatiorthat minimizes(10) for ¢..

Furthermoreit is clearthata permutation¥ suchthat¢; (k) =

t2(¥(k)) canbe foundiff t; andt, sharethe samedistribu-

tion of values Hence signalsthatsharehesamedistribution of

valuesareequialentandwe arethusonly concernedvith iden-
tifying onememberof eachequivalentclass We describehese
equialenceclassesn SectionlV.

If & matchesz,(-) to a proper unidirectional 7-periodic
signalt(-), thenwe caninterpret® asanalyzingz, (-) into “per-
centiles”in the following way. Write () = z,(®(-)). Since
t(-)ispropert(-) hasT distinctvalues¢(0),¢(1),...,t(T—1).
If v € {0,...,T — 1}, thené(ny,n’) = ¢(v) if andonly if
ny = pT +vforsomey € {0,1,...,N/T — 1}. If wearrange
thevaluesof z,(-) in ascendingrder with multiplicity, anddi-
videthislist of valuesinto blocksof size N /T (“percentiles”),
thenthevaluesin asingleblock will bethosein theset

N:0< < N/T—-1,n" €Q'}

for somechoiceof v € {0,...,7 — 1}.

Proposition9 (InvarianceProperty): Assumethatz,(-) and
4,(-) aresignalson () thatsharethe samehistogramof values.
Let(-) beaproperunidirectionall -periodicsignal,andlet «(-)
andy(-) be permutationof z,(-) andy,(-) (respectrely) that
matchz(-). Then,the DFT spectreof x(-) andy(-) satisfy

{z(uT +v,n

X(k)=Y(k) if(N/T)|ky and k' =0. (11)
Proof: Leta = k1 /(N/T). Then
N-1 o
X(k1,0) > ) a(mn exp{ k1”1:|
K‘I) n1=0n’c€qQ’
T—1N/T-1

3 Vi S

v=0 pu=0 n’'€Q
y 2T 1 2T
exp|—j—=Fkv| exp|—j—
Xp JN 1V | exp JNOCN
=
K Zexp{ J—k‘ll/:|
N/T—1

x>, D e

pn=0 n’'cQ’

(wT +v,n

As we obsered,sincet(-) is properunidirectionall-periodic,
andsincez(-) matcheg(-), thedoublesum

N/T—-1
Z Z (wl + v,
n=0 n’€Q’

is justthesumover oneblockof size N ™ /T of valuesof z,(-).
Sincez, () andy,(-) have the samehistogram

N/T—1 N/T—1
Z Z (wT +v,n Z Z (T + v,
pn=0 n’'cQ’ pn=0 n’'CcQ’

12)
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and by reversing the stepsabove, we seethat X (k;,0) =
Y (k1,0). Q.E.D.

Remark2 (Milder Conditionsfor Invariance): Notethatthe
conditionthatz,(-) andy,(-) sharethe samehistogramis actu-
ally stricterthanrequired By carefullyexaminingtheproof,one
seeghatz,(-) andy,(-) needonly sharethesameaverageover
eachof the analysisblocks[as given in (12)]. Furthermorejn
this proposition,we only considerunidirectionalsignalastar-
gets,but as will be proven in Theorem2, signalsthat are not
uni-directionalareequialentto uni-directionalsignals.

In fact,we canshown thatmatchedsignalswith the samehis-
togramalsosharethe entire FM spectra.

Proposition 10 (Invariance of Signal-Adaptive FM
Specta): Assume z,(-) and y,(-) are signalson @ that
sharethe samehistogramof values.Let #(-) be an arbitrary
targetsignal,andlet ¥ beafixedpermutatiorthatsortst(-). Let
z(+), andy(-) be permutation®f z,(-) andy,(-) (respectiely)
thatmatcht(-). Then,the DFT spectreof z(-) andy(-) arethe
same.The reverseis also, clearly true. If the DFT spectraof
x(+) andy(-) arethe same thenthe original signalsz,(-) and
¥o(-) sharethe samehistogramof values.

Proof: Let ®, sortz,(-), andlet ®, sorty,(-). Then,
2o(®1(+)) andy,(®2(-)) arethe sortedlists of the samecol-
lection of values.lt follows thatz = z,(®4 o ¥(:)) andy =
Yo(P2 o ¥(-)) arealsothe sameandhencetheir DFT spectra
arethesame. Q.E.D.

Theresultsof Proposition® and10relateto theimplementa-
tion of FM transformsln implementing=M transformsjustlike
JPEG ,we breakthe given imageinto blocks.If the histograms
of thevaluesbetweertwo adjacenblocksarenotvery different
thenit makes senseto apply differential pulse code modula-
tion (DPCM)encodingbetweerthe FM coeficientsof adjacent
blocks.In practice the milder conditionsof Proposition9 (see
Remark2) werefoundto hold,andDPCM was only appliedto
theFM coeficientsspecifedin (11). Wewill returnto thispoint
in SectionVI.

IV. EQUIVALENCE OF TARGET SIGNALS

We have suggestedthat, becauseof their sparsespectra
andinvarianceproperty unidirectionalperiodicsignalsform a
family of target signalswell-suitedto the signal-adaptie FM
transformstrateyy. In [3], however, emphasiswas placedon
DFT basissignalsas the ideal targetsfor enegy compaction
via permutation.In this section,we explore the relationship
betweenDFT basissignalsand unidirectionalperiodicsignals
from the perspectie of the signal-adaptie FM transform
stratgy. We will define asuitableequivalencerelationbetween
(target)signalsandseethatall DFT basissignalsareequialent
to properunidirectionalperiodicsignals.Furthermoreye will
describehe equivalenceclasse®f DFT basissignalsunderthe
relation.For any family of targetsignals the numberof equiva-
lenceclassess of interestsinceit is a measuref richnessand
descriptie power of signal-adaptie FM transformghatmatch
to thetamgetsignalsof thefamily. For theseresults we will use
basicconceptdrom grouptheory which canbefoundin [8].

According to Proposition8, matchingis accomplishedoy
sorting.Thus twotargetsignalghatsharehesamehistogranof
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valueswill bematchedy thesamesetof inputsignalsalthough
the matchingfor a giveninput signalmay be accomplishedy
adifferentpermutationTwo target signalssharethe samehis-
togramof valuesif andonly if they arethemselesrelatedby
a permutationandsowe areled to the following definition of
equivalence.

Definition 2 (Equivalencef TargetSignals): Two targetsig-
nalst(-) ands(-) on@ areequivalentwrittent(-) ~ s(-), if and
only if thereis a permutation® of ¢} suchthatt(-) = s(®(-)).

Of course equialenttarget signalsneednot have the same
DFT spectrumFrompreviousobsenrations,it is easyto seethat
two properunidirectionalperiodicsignalsareequialentif and
only if they have the samesetof values,and hencethe same
period.

Now weaddresgquivalenceof DFT basissignalsFix Wy =
exp[j2n /N], aprimitive, complex Nth root of unity. For each
k € @, thereis a DFT basissignal ¢x(-) given by #x(n) =
Wkn, A DFT basissignalcanbethoughtof asa grouphomo-
morphismin the following way. Let

G={wy

r=1,...,N}.

G is the setof complex Nth roots of unity, andit is easyto
seethatG formsa groupundercomplex multiplication.Onthe
otherhand,sincewe view Q@ = (Z/N)M, @ formsa group
undervectoradditionmod N. Any DFT basissignaltk(-) is a
function@ — G, andthefactthatty(-) is agrouphomomor-
phismfollows from the familiar propertyof exponents

b+ m) = expl 50+ k)

2 2
= exp {J%k . n} exp {J—Wk . m}

N
= te(n)tx (m). (13)
Since#y(-) is agrouphomomorphismit follows thatary two
valuesof . (-) areassumedbith thesamemultiplicity. Thispro-
pertyis statedmorepreciselyasfollows. For » € G, write
t'(2) = {n € Qtx(n) = 2}. (14)
Proposition 11 (Multiplicity of DFT Basis Signals): For
z,w € G, if ' (») andt * (w) arebothnonemptythent; ! (»)
andt;_* (w) have the samenumberof elements.

Proof: It sufficesto give the proof whenw = 1 because
the generalcasethenfollows by transitvity. Supposen, m €
t'(2), i.e., thatt(n) = tx(m) = 2. Thentyx(m — n) =
72t = 1, s0thatm — n € #_'(1). This shaws thatfor ary
particularchoiceof n € ¢ '(z), we have

tl(z)={n+plpet (1)}

Clearly then, ¢, '(z) has the samenumberof elementsas
(). Q.E.D.

Fromthefactthat?y(-) is agrouphomomorphismit is easy
to verify thatthe setof values

(@) = {tx(n) In € Q} (15)
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forms a subgroupof G. The subgroupsf G arewell known,
andwe briefly describethemnow. For further details,seethe
discussiorof cyclic groupsin [8]. If » € {1,..., N}, write

G, = {Wy

nez}. (16)

It is easyto checkthat 7, is a subgroupof G. In fact, every
subgroupof G is of the form G,. for somer € {1,...,N}.
Furthermoreif , s € {1, ..., N}, thenG,. is asubgroupf G,
if andonly if ged(s, N)|ged(r, N) (ascanbe easilyverified).
It followsthatG,. = G, if andonly if ged(r, N) = ged(s, N).
In particular

G, = Gged(r,N) a7)
and so the subgroupsf G arein one-to-onecorrespondence
with the positive divisorsof N. The numberof elementsn G.,.
is N/ged(r, N).

Examplel: Toillustratetheideasaborewedescribehesub-
groupsof G moreexplicitly when N = 2", This choiceof N
is of particularinterestfor implementationThe positive divi-
sorsof ¥V arethe numbers2? for p = 0,1,...,m. Thus,the
subgroupof G areG = G, G2, Gy, .., Gnya, Gnye, Gy =
{1}. Noticethatthesesubgroupsreall nested

G=GiDG;D---D GN/4 D GN/Q DGN = {1} (18)

Proposition12 (Setof Valuesof DFT BasisSignal): ¢ (Q) =
G,, wherer = ged(k) mod N. Here,we understandhatr €
{1,...,N}andged(k) = ged(ky, ks, .. ., kag).

Proof: Usinga well-known propertyof gcd (given in [9,
p. 10]), we canfind n € 2Z* suchthatged(k) = n - k. Then
r =n-kmod N, andit followsthatW} = tx(n). Therefore,
G, C t(Q). On the otherhand,sincer is equalto ged(k)
mod N, we canfind anintegera suchthatr + Na = ged(k).
With p; = k;/(r + Na), it followsthatk = (r + Na)p, andso
forany m € Q,

k-m=(+Nap- -m.
Then
ti(m) = WP™ ¢ g,

Thisimpliesthattx (Q) C G,.. Q.E.D.

Accordingto Proposition11, ¢ (-) assumests valueswith
uniform multiplicity. Proposition12 implies that the set of
valuesof #(-) is equalto a subgroupG,. of GG. The number
of distinctvaluesof ¢y is N/gcd(r, N), adivisor of N. From
theseobsenations,it followsthatty (-) is equivalentto aproper
unidirectional(N/ged(r, N))-periodicsignal.

Wecannow characterizéheequivalenceclassesf DFT basis
signals.

Theoem?2 (Equivalenceof DFT BasisSignals): For k., n €
Q, te () ~ ty(-) if andonly if ged(k) = ged(n) mod N.

Proof: tx(-) ~ tu(-) if andonly if #x(-) andt,(-) have

the samehistogramof values.In view of Propositionll, the
histogramsare the sameif and only if the two signalshave
the samesetof values,i.e., if andonly if #.(Q) = ,(Q). By
Propositionl2,thislastconditionholdsif andonly if gecd(k) =
ged(n) mod N. Q.E.D.
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NoticethatTheoren? impliesthatthenumberof equivalence
classe®f DFT basissignalsis nomoret in Examplel. In par-
ticular, thenumberof equivalenceslassef DFT basissignals
depend®nly on N, notonthedimensionM of thehypecube

Now, for matchingsignalsto targets,we needonly consider
the numberof distinct elementsn eachtamget. This is dueto
the factthat all signalsampleghat get permutedto matchthe
locationof the sametarget sampleare (from the perspectie of
the target) equivalent (also seeour discussionof bucketing in
[3]). Returningto Examplel, we note that for matchingsig-
nalsto targets,we obsere that G/, hastwo elements( /4
hasfour elements. .., Gy hasN elementsThus,we needa
singlebit persignalsamplefor matchingsignalsto the unique
uni-directionalsignalwith thesameelementasG /2, two bits
per signalsamplefor matchingsignalsto the uniqueunidirec-
tionalsignalwith thesameelement®sG y 4, . . . , logy (V) bits
persignalsamplefor matchingsignalsto the uniqueuni-direc-
tional signalwith the sameelementsas . Thisis summarized
in Fig. 1. Furthermorejn SectionV, we demonstratdow the
matchingcanbeachieved for two-dimensionaimageswith uni-
formly distributedsamplesn two andfour bins.

V. EXAMPLES OF FM TRANSFORMS

In this sectionwe demonstratéheuseof FM Transformdor
two-dimensionalmagesWe will presenexamplesfor images
associatetvith G2 and G 4. For Gy /o-exampleswe use
signalsthathave a histogramof two equallydistributedvalues.
For G'n,4-examples,we usesignalsthat have a histogramof
four equallydistributedvalues We will alsoaddressmplemen-
tationissues.

Without loss of generality we pick a 2-D signalthat hasa
histogramwith two equallydistributedvalues.Consider

N/2 samples N/2 samples

N ~
v U1 ey v V2 U2 ey (%]

vy > V2.

v1T U1 ceey, UL U2 U2 ceey U2

For eachsamplewe wantto assigrasinglebit to indicatewhich
bin the samplefalls in

N/2 samples  N/2 samples

C’:OO 0 11 1

0 0 011 1

Usingthe bit codesin C, we canre-arrangeghe samplesn the
original signalsoasto matchtheappropriatédransformdomain
samples.We match samplesby mappingthe smallestsignal
valueto thesmallestransformdomainvalue,andthenthe next
smallestsignal value to the next smallesttransformdomain
valueandso on. For this two-bin signal,the mostappropriate
FFT basisfunctionis

lexp jmn1]o<n, na<N—1
1 -1 1 -1 -1

1 -1 1 -1
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Number of bins | Associated Subgroups | Permutation bits | AM-FM Spectrum
in the per sample Coefficients
histogram (plus DC coefficient)
T=2 Gny2 1 bps 1+1
T=4 GN/QCGN/4 2 bps 2+1
T=28 GN/2 CGN/4 CGN/g 3 bps 3+1
T=N/2 Gny2 CGnys logo(N)—1 bps | log,(N)—1+4+1

- C Go
T=N GN/2 C GN/4 IOgQ(N) bps N

- CG: C@E

Fig.1. Relationshipbetweer-FT subgroupsinddiscretesignalswith uniformly distributedsamplesTherequiredbits persampledenotethenumberof bitsthat
arerequiredfor encodingthe permutatiorfor the FM transform.The FM spectruncoeficientsaredescribedn Proposition6. Also, examplesof FM transforms
for thecases and aredescribedn SectionsV andVI.

Using the bit codesC, we mapthe original signalz soasto TheFM spectrunfor this exampleis nothingbut the FFT of the

matchthis basisfunction.For the permutedsignalz », we write

permutedsignal.As shavnin (20),thepermutedsignalrequires
two coeficients.Thisexampleillustratesasimpleapplicationof

vy v2 VU1 V2 vy V2 Proposition6.
Tp = (19) A numericall-D exampleis shavn in Fig. 2. In thisexample,
v vs U v s the FM transformcanreconstructhe signalexactly using1.04

We notethatz » hasaperiodof two alongthehorizontalcoordi-

nate.Hencez p is a 2-D exampleof a unidirectional,period-2

signal.Along theverticalcoordinate » remainsconstant.
We next write the permutedsignalas

bitspersampleTheFM transformis exactsincetheFM spectral
coeficientsarecomputedafter multiplying by the two rootsof
unity: 1 and—1 (which canberepresenteéxactly).

Next, we examine signalsthat have a histogramof four
equallydistributedvalues Withoutlossof generalitywe pick a
simplememberof this generaklassof signals(see(21), shovn

11 1 1 --- 1 1 atthe bottomof the next page) satisfyingvy > v > vz > vg4.

ap==(vi+w) |1 T 1o 11 We encodethe permutatiorrequiredto matchthe signalto the
2 1 1 1 1 o 1 1 FFTbasisfunctionsshavnin (22) atthebottomof thepage For
thissignal,welook for FFT basisfunctionsthathave period4 in

1 1 _.1 1 __1 o 1 __1 thehorizontaldirection.Notethatboth[exp jmn1]o<ns no<n—1

+ 5(?/1 —v2) |0 : and [exp j(7/2)n1]o<n,.ms<n—1 are such basis functions.

1 -1 1 -1 1 -1 This obsenation motivatesthe subgrouppropertydescribedn

(20) Fig. 1. The subgrouppropertystemsfrom the fact that period

N/4 samples N/4 samples

N/4 samples N/4 samples

e e

"1 n v o va vs U3 Vs vs Uy Ug Vg
T = : : (22)
N/4 samples N/4 samples N/4 samples N/4 samples
1 n v Vo va vy V3 3 vs Vs U4 Vg
N/4 samples  N/4samples N/4samples N/4 samples
0 0 011 --- 12 2 2 33 ... 3
C = : (22)

N/4 sémples N/4 sémples

N/4 samples  N/4 samples

0 0 o1 1 --- 1

2 2 23 3 - 3
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Histogram Distribution Of Original Signal Samples
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Fig.2. DFT andFM Spectrunresultsfor asignalthatis uniformly distributedin two bins(127and 123).In (a), we shav the histogramof thesignal.In (b), we
shaw thefirst 16 samplef thesignal(out of atotal of 1024samples)andits DFT magnitudespectrunin (d). In (c), we shaw thefirst 16 sample®of thepermuted
signal,andits correspondingf-M spectrumin (e). The entropy of the DFT coeficientsis 17.89bits per sample andthe PSNRIis 86 dB. The FM spectrumand
permutatiorbits correspondo 1.04 bits per sampleandthe PSNRis infinite.

T signalsare also of period 27,47, 8T, .... Now, to match [exp jmn1]o<n, no<n—1, [€Xp J(7/2)11]o<n, n. < n—1, @ndthe
our signalto the FFT basisfunctions:[exp jmn1]o<n, n,<n—1  dc coeficient.

and [exp j(7/2)n1]o<n, .ns<n—1, We usethe bit codesC' to A numerical, 1-D exampleis shovn in Fig. 3. The FM

re-arranger into a period4 signal transform can reconstructthe signal exactly using 2.07 bits
per sample.The FM transformis exact sincethe FM spectral

vy v2 Uz U4 -+ U1 V2 U3 U4 .. L
R . . . . 23) coeficientsarecomputedaftermultiplying by thefour rootsof
S unity: 1, —1, /=1, —/—1 (which canberepresentedxactly).
v 2 U3 U4 ot U1 V2 U3 U4 It is clearhow to extendour discussiorto 8, 16, . .., N bins.

The FM spectrumis the FFT spectrumof the permutedsignal Furthermoreiit is fairly clear that the dimensionalityof the
zp. As discusseckarlier it is capturedin the coeficientsof signal z doesnot affect our ability to rearrangethe samples
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Histogram Distribution Of Original Signal Samples
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Fig.3. DFT andFM Spectrunresultsfor a signalthatis uniformly distributedin four bins(113,120,123,and127). Thefiguresarethe sameasin Fig. 2. The
entropy of the DFT coeficientsis 16.03bits persample andthe PSNRis 86 dB. The FM spectrumandpermutatiorbits correspondo 2.07 bits persample and

the PSNRis infinite.

along a single dimension.In our examples,we chose the
ny-coordinate.

For the DCT, we look for permutationghat producesignals
with twice the periodof the correspondind-FT group.Thisis
accomplishedy mirroring the sampleswithin the period. We
illustratethis approactfor the two-bin case

v V2 Vs U1 v V2 Vs Ui

(24)

rp =

vy V2 V2 U1 vy V2 V2 U1

andthe four-bin case

Vi V2 VU3 V4 Vg4 VU3 V2 U1
. . . . (25)

rp =

v V2 U3z V4 V4 V3 V2 U1

To be ableto visually identify how the permutedmageslook
like, we examine(24) and (25) asdigital images.For (24), we
assigntheblack color for v1, andthewhite color for v,. Along
eachcolumnof thisimage,the intensityremainsconstantThe
image appearsas an alternatingsequencef black and white
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Histogram Distribution Of Original Signal Samples
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Fig.4. DFT andFM Spectrunresultsfor a
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signalthatis normallydistributedin two bins. Thefiguresarethe sameasin Fig. 2. For the DFT, theaccoeficients

weredivided by 200 beforeroundingof to the nearestntegervalues.The dc coeficient was divided by 2 beforeroundingto the nearesintegervalue.Similary,
for theFM transform thespectrakoeficientsthatdid notcaptureheenegy wereroundedn the sameway [seetext and(e)]. Theentrogy of theDFT codficients
is 10.3bits persample andthe PSNRis 39.9dB. The FM spectrumandpermutatiorbits correspondo 6.8 bits persample andthe PSNRis 40.1dB.

stripes.Eachstripeis two pixelsthick. Similarly, (25) appears matchinga signalto [exp jmn1]o<n, n. <n—1, We SIMply per-
asanalternatingsequencef white, two-pixel columns(coming mutethe lowesthalf of the samplesasif they werew,, while
from columnsof v, v1) andblack,two-pixel columns(coming samplesn the upperhalf arepermutedasvs

from columnsof vy, v4). Betweent

he white andblack stripes,

we have a transition stripe coming from columnsof vs, vs. permutedas,
We expectto obsenre similar stripe patternswhen examining TL< T2 << anep

generalimagespermutedto matchthe structuresof (24) and
(25). This is seenin Fig. 8(a) and(b), the permutedblocks of

permutedas,

Fig. 12(a)and(b), (seeSectionVI for moredetails). < 35N2/2+1 <anejopo <0 < TNz. (26)
Wegeneralizeurdiscussiorfor matchingary givensignalto
[exp 37N Jo<ny ne<N—1. OF [exp j(7/2)n1]o<n, n,<n—1. FOr  Formatchingasignalto [exp j(7/2)n1]o<n, ne.<n—1, Webreak
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Histogram Distribution Of Original Signal Samples
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Fig.5. DFT andFM spectrunresultsfor asignalthatis normallydistributedin four bins. Thefiguresarethe sameasin Fig. 2. For the DFT, theaccoeficients
weredivided by 100beforeroundingof to the closestintegervalues.Similary, for the FM transform the spectralcoeficientsthatdid not capturethe enegy were
roundedn thesameway [seetext and(e)]. Theentroyy of theDFT coeficientsis 12.4bits persampleandthePSNRis 45.9dB. The FM spectrunmandpermutdion
bits correspondo 7.3 bits per sample andthe PSNRis 46.2dB.

the signalinto quartiles thefirstexampletheFMreconstructedignahasslightlylesdis-
tortionatlessthan70%thebit rateof thecorrespondingliscrete
permujt‘edasm Fouriertransform Similarly, for thesecondsxample theFM re-

constructedignalhasslightly lessdistortionatlessthan60%the

21 S22 S - S TNz . L .
bit rateof thecorrespondingliscretd~ouriertransform.

permutedasy; . ! f ] _
= Using this generalmethodfor matchingarbitrary signalsto
Sanzja1 SEN2ja42 S SN2 lexp jmn1]o<n, no<N—1, @NA[exp j(7/2)n1]o<n, ny < N—1, WE
permutedas., conjecturehatmostof the signalenegy shouldbe capturedn

(27) (i) theidealFM coeficientsdescribedn Propositiors, followed
by (ii) thehorizontalFM coeficients,and(iii) thenonhorizontal
Numericakesultsarepresenteth Figs.4ands.Intheseexam- FM coeficients. The claim thatthe ideal FM coeficientscap-
ples,two multi-modal,normallydistributedsignalsareused.In turemostof signalenegy is vividly demonstrateth the exam-

S-S %3n2ja41 S Canzjatr S S oz
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Fig. 6. Rate-distortioncurves for FM transformand JPEGfor the sensor
image.In all plots, we plot the PSNRversushits per pixel. The FM-transform
resultsareplottedin solid line, while JPEGresultsare plottedusinga dashed
line. In (a), we show resultsfor one-bitpermutationsin (b), we shav results
for two-bit permutations.

plesof Figs. 2(d), 2(e), 3(d), 3(e), 4(d), (e), and5(d) and5(e).
Theideal FM coeficientsareabove all othercoeficientsin or-
dersof magnitudeTheclaimthatthehorizontalFM coeficients
are expectedto capturemore of the enegy thanthe nonhori-
zontalFM coeficientsis lessobvious. To seewhy this s true,
we returnto thepermutednatricesof (19), (23), (24),and(25).
Werecallthatthepermutedmagesareformedafterfirst sorting
theimagevalues,andthenarrangingsuccessie pixelsacrossa
column.Hence,we expectfar lessintensity variationacrossa
columnthanacrossa row. This conjectureis alsoseento hold
for moregeneraimagegseethe permutedmagesof Fig. 8(a),
(b), andthepermutedblocksof Fig. 12(a)and(b)]. We obsene
far lessintensityvariationsacrossthe columnsthanacrosshe
rows.In theidealcasewhenthereis nointensityvariationalong
thecolumnsof animage thenonhorizontaSpectratoeficients
arezero.lt thenfollows thatthe horizontalspectrakoeficients
capturemoreof theenegy in theimage.

VI. APPLICATIONS

As a sampleapplicationof the discreteFM transform,we
considera natural and significant example: signal compres-
sion. Considerthe original imagesdisplayedin Fig. 7(a} and
Fig.11(a)(a256 x 256 grayscalémage).Thetwo exampleghat

IThisisa imagesggmentof thesensoimagem78p1f24hh.884
and it was taken from http://wwwmbvlabwpafhaf.mil/public/MBV-
DATA/adts.htm.
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Fig. 7. JPEGresultsfor the sensolimage.(a) The original imageis an 8-bit
imageof size . The optimizedJPEGreconstructedmageis shavn
in (b). TheoptimizedJPEGis computecht 1.33bits perpixel ata quality factor
of 20, ata PSNRof 18.13dB.

we areshaving arewell suitedfor the FM transformmethods
thatwe have developed essentiallydueto the noiselike texture
that they contain.JPEGand mosttraditionaltechniqueshave
notbeingvery effective in compressinghesekinds of textures.
To efficiently capturethe texturesin the two examples,we
implementtwo distincttransformsl) FM transformson 8 x 8
blocksand?2) a hybrid techniqueusingeitheran FM transform
ortheDCT oneachs x 8 block. For thesensoimage thesame
textureis presenthroughoutheimage,andwe appliedthe FM
transformoneachs x 8 block (seeresultsn Fig. 6). For theMan-
drill image,thetextureis only foundon portionsof theimage,
andwethusappliedthehybrid transformjn anattempto allow
the FM transformtechniqueto effectively capturethe texture,
while leaving the smoothregionsto the DCT. For generalim-
ageswherethereis no knowledgeof the presensef texturein
theimage,the hybrid methodis clearlythe bestoneto try.
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Fig.8. Permutedmagesfor the sensorexample.(a) The one-bitpermutation
imageand(b) the two-bit permutatiorimage.

ToanalyzeheperformanceftheFM transformsweconsider
the permutationoverheadWe only considertargetsignalsthat
haveaconstanbverheadf eitheronebit persamplepranover-
headof two bits persamplg(aswe have describedn SectionV).
To reducethe permutationoverheadwe emplg two different
methodgfor encodingthe permutatiorbits. In directencoding,
wesimplystorethebit codeswithoutprocessingkor theimages
thatweconsideherethisisthepreferrednethodln scanneén-
coding,we scanthe& x 8 arrayof codesin horizontal,vertical
or someotherscanordet Thescanninglirectionis definedto be
orthogonatothedirectionof maximumenengyin thetwo-dimen-
sionalpower spectrumFor example,if thesumof all thepower
alongthediagonafrequenciegf; = f»)isgreatethanthesums
alongthehorizontalandverticaldirectionsweusezig-zagscan-
ning of the permutationcodes For theimagesthatwe arepre-
sentinghere thereis usuallyno preferreddirectionandthereis
norealneedo determinghepreferreddirection. However, for
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Fig. 9. FM reconstructedmagesfor the sensorexample.In (a), we have the
reconstructedmagefor the singlebit FM transform.It is encodedat 1.49 bit
perpixel, with aPSNRof 18.90dB. In (b), we have thereconstructe@magefor
thetwo-bit FM transform.It is encodecht 2.42bits per pixel, with a PSNRof
22.50dB.

applyingFM transformgo smoothimagesfor futureresearch,
we hopethatscanningodeswill prove useful.

It is clearthat all coding gains are due to the quantization
of the FM spectrum.For a specifed numberof permutation
bits per sample we have a correspondinghumberof dominant
FM coeficients: the nonzero spectrum coeficients of the
unidirectional T’ | N -periodic signal (seedefinition in Propo-
sition 1). For theDCT implementationof the FM transform,
the dominantcoeficientsarea bit different.It is easyto shaw
that in the two-dimensionalDCT-spectrum,in the first row,
the dominantcoeficients are the Oth and 4th coeficients for
one-bitpermutationsandthey arethe Oth, 1st,3rd, 5thand7th
coeficientsfor two-bit permutationsDue to the invarianceof
thesedominantFM coeficients (seeProposition9), we apply
a DPCM techniqueto encodethesecoeficients(similar to the
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Fig.10. Rate-distortiomesultsfor theMandrillimage For thisimage weused
a hybrid transform(seetext). For one-bit permutationswe shav the results
in (a). For two-bit permutationswe shav the resultsin (b). The solid lines
representhe hybrid FM transform while the dashedinesrepreseniPEG.

DPCM of the dc coeficient in JPEG).Furthermorewe used
the standardHuffman table for encodingdc coeficients for
encodinghesecoeficients(givenin [10]).

Thepermutedmagesareshavn in Figs.8 and12, wherewe
plotthepermutedmagescorrespondingo Figs.7(a)and11(a).
The horizontalstripesin the permutedmagesconfirm our ex-
pectatiorthatforthenoiselike,granulatexturedregions suitable
permutationdavecorvertedhemintoalmostunidirectionalpe-
riodic signals(seeSectionV). Most promisingis the fact that
FM reconstructe@magesshovnin Figs.9 and13 arefreefrom
blockingartifactsthatareclearlypresentn the JPEGimagesof
Figs.7(b)andl11(b).Blockingartifactshavebeereliminatecdue
to1)thepermutedmageblocksareapproximatelynidirectional
periodic,andsinceunidirectionaperiodicsignalsarefreeof ary
blocking artifacts,the permutedmageblockscanbe encoded
with lessblocking artifacts,and 2) the reducedartifactsin the
permutedmageblocksareeliminatedwhentheimagesamples
attheedgesrepermutedodifferentiocationswithin eactblock.
It is easyto recognizewhatan FM imagewill look like at very
low bit rates.In the extremecase whereonly thedominant-M
coeficientsarekept thelow-bit rateFM imageappeartik eahis-
togramequalizedversionof the originalimage(equalizedover
eachblock). Thenumberof equalizatiorevelsis determinedy
the numberof permutatiorbits.

Basedon our discussionon the relative importanceof dif-
ferentcoeficients, it is naturalto chosedifferentquantization
levels basedon the importanceof eachcoeficient. To specify
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Fig.11. Mandrillimageresultsor JPEGIn (a),weshaov theoriginal Mandrill
image.In (b), we shav the (optimized)JPEGimagefor the quality setto 30in
cjpeg . At this quality level, JPEGis codedat 1.0745bits per sample,at a
PSNRof 23.67dB.

the quantizationlevels, we usethreedifferentquality factors:
(i) iq for idealquality factor whichis usedwith the horizontal,
unidirectionaperiodiccoeficients,(ii) hgfor horizontalquality
factor whichwill is usedfor the horizontalcoeficientsthatare
not coveredby theideal quality factoriq, and(iii) nhqgfor non-
horizontalquality factors,which is usedfor the nonhorizontal
coeficients.We usevery simplerelationshipgor describinghe
relationshipsamongthe quality factors.For one-bit permuta-
tions,weset =4 and = 4 , while for two-bit per-
mutationsweset = 2 and = 2 . Hence,given a
value for the ideal-qualityfactoriq, we obtainsimple expres-
sionsfor hg andnhg which we canuseto computethe quanti-
zationlevelsfor: (i) () for theidealquantizatiorievelscorre-
spondingtoiq, (i)  (-) for the horizontalquantizatiorievels
correspondindng, (iii) () for the nonhorizontalguantiza-
tionlevelscorrespondingo hag. Again,we usesimple,empirical
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Fig.12. Permutatiorimagesfor the Mandrill example.The one-bitpermuted
imageis shavnin (a),while in (b), we shav thetwo-bit permutedmage When
theimagedoesnot appeampermutedwe areusingJPEGfor thatblock.

expressiongfor the standard x 8 imageblock)

(n)=1+1+mn)
(m)=14+1+m)
(t—1,7) =1+ 1 +i+) (28)
Now that we have specifed the quantizationlevels for the
FM transformalone,we turn to the problemof implementing
a hybrid transform.For the hybrid transform,we would like
to specifythe DCT quantizationtablesso that the numberof
bits requiredfor encodingDCT blocksandthe numberof bits
requiredfor encodingFM blocks are comparable For using
hybrid transformsto compressmagesat abouttwo bits per
samplewe usethe standardjuantizatiortableof the DCT [10].
For usinghybrid transformgto compressmagesat onebit per
samplewe multiply eachentryin thequantizatiortableby two
andusetheresultasthe new quantizatiortable. Then,for each
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Fig. 13. FM reconstructionresults for the Mandrill image. For one-bit
permutationsye shaw thereconstructedmagein (a). It is compressedt 1.49
bit per pixel, with a PSNRof 18.90dB. Similarly, for two-bit permutations,
we show theresultsin (b). It is compressedt 2.42bits perpixel, with aPSNR
of 22.50dB.

imageblock, we mustselectwhetherto applythe FM transform
or the DCT.

We usea simplerule to decidewhetherwe shouldapply the
FM transformor not. For onebit permutationsif JPEGrequires
morethan64 bitsfor ablock,wethenchoosdo applyFM trans-
formsinstead Similarly, for two bit permutationsif it requires
more than 128 bits for a block, we thenchooseto apply FM
transformsinstead.

For one-bitpermutationsyepresentherate-distortiorcurves
in Figs.6(a)and10(a).For two-bit permutationsye presenthe
resultsin Figs.6(b) and10(b).For encodinghespectrakoefi-
cientsweusebaselingHuffmancodingfor all FM transformsFor
computing-M transformatdifferentbits persamplewe simply
variedthedominantqualityparametebetweerb (producinghe
rightendpoints)and24 (producingtheleft endpoints)We showv
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compresseithagedorthesensomagein Fig.9,andfortheMan-
drill imagein Fig. 13. The JPEGimageswerecomputedusing
cjpeg for baseline]PEG but alsousingoptimizedJPEGusing
theoptimizedflag for cjpeg .

For the sensorimage,Fig. 7(b) shavs the optimized JPEG
imagewhich was compressedt 1.33bits perpixel, ata PSNR
of 18.13dB (for aquality factorof 20). For the Mandrill image,
Fig. 11(b) shaws the optimized JPEGimagewhich was com-
pressedat 1.07 bits per pixel, with a PSNRof 23.67dB (for a
quality factorof 30). As we pointedout earlief both JPEGIm-
agessuffer from severeblockingartifacts.For thesensoimage,
we shawv the one-bitFM reconstructedmagein Fig. 9(a). It is
compresseat 1.49bit perpixel, with a PSNRof 18.90dB. It
correspondso therightmostpointin therate-distortiorcurve of
Fig. 6(a). For thetwo-bit FM reconstructedmagein Fig. 9(b),
theimageis compressedt 2.42bits per pixel, with a PSNRof
22.50dB. It correspondso theleftmostpointin therate-distor-
tion curwve of Fig. 6(b).

We next explaintheresultsfor the hybrid transform Thehy-
brid transformwas appliedto the Mandrill image.The one-bit
permutedmageis shavn in Fig. 12(a),while in Fig. 12(b),we
shav the two-bit permutedmage.Whenanimageblock does
not appeampermutedwe areusingJPEGfor thatblock. When
animageblockis permutedthe permutedmageformsthever-
tical stripes,andthe FM transformis appliedfor theseblocks.
For one-bitpermutationswe show the reconstructedmagein
Fig. 13(a). This imagewas compresseet 0.98 bits per pixel,
ata PSNRof 23.89dB. It correspondso the leftmostpoint of
the rate-distortioncurve, for - = 24.0. Simi-
larly, for two-bit permutationsye shav theresultsin Fig. 13(b).
Thisimagewas compressedt 1.66bits perpixel, ata PSNRof
27.05dB. It correspond#o theleftmostpoint of therate-distor-
tion curve, for - = 24.0.

Clearly, the FM transformprovidesbetterrate-distortiorper-
formancein Fig. 6, while the hybrid methodshaws betterrate-
distortionperformancén Fig. 10.As demonstrateih Fig. 12(a)
and(b), thehybrid transformworkedverywell, in thesensehat
it separateaut the texture in theimagefor applicationof the
FM transformwhile thesmoothregionswereleft to JPEG.The
adaptve schemeseemdo have worked exceptionallywell for
the one-bitcase while for thetwo bit case our simplerule ap-
peardo bealittle conserative, selecting]PEGto beappliedon
someblockswherethetextureis notaspronouncedOverall,we
believe thatthe hybrid methodholdsgreatpromise.

VII.

In this paperwe have demonstrate@romisingcodinggains,
especiallyon imagescontainingrough, noiselike, or granular
texturedregions.We hopethatfurtherresearctin FM transform
signalcompressiomwill confirm theimproved performanceon
alarge classof imagesWe alsobelieve thatdiscreteFM trans-
formshave the potentialfor abroaderspectrunof applications,
e.g.,in signal/imageryptograply andgeneraimageanalysis.

CONCLUSION
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