IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 3, NO. 4, JULY 1994

Optimal Filtering of Digital Binary Images
Corrupted by Union/Intersection Noise

N. D. Sidiropoulos, Member, IEEE, John S. Baras, Fellow, IEEE, and Carlos A. Berenstein

Abstract— We model digital binary image data as realizations
of a uniformly bounded discrete random set (or discrete random
set, for short), which is a mathematical object that can be directly
defined on a finite lattice. We consider the problem of estimating
realizations of discrete random sets distorted by a degradation
process that can be described by a union/intersection noise model.
Two distinct optimal filtering approaches are pursued. The first
involves a class of “mask” filters, which arises quite naturally
from the set-theoretic analysis of optimal filters. The second
approach involves a class of morphological filters. We prove
that under i.i.d noise morphological openings, closings, unions of
openings, and intersections of closings can be viewed as MAP esti-
mators of morphologically smooth signals. Then, we show that by
using an appropriate (under a given degradtion model) expansion
of the optimal filter, we can obtain universal characterizations
of optimality that do not rely on strong assumptions regarding
the spatial interaction of geometrical primitives of the signal and
the noise. The results generalize to gray-level images in a fairly
straightforward manner.

I. INTRODUCTION

N important problem in digital image processing and
Aanalysis is the development of optimal filtering proce-
dures that attempt to restore a binary image (“signal”) from its
degraded version [25], [8]. Here, the degradation mechanism
usually models the combined effect of two distinct types
of distortion, namely, image object obscurations because of
clutter and sensor/channel noise. It is typically assumed that
the degraded image can be accurately modeled as the union of
the uncorrupted binary image with an independent realization
of the noise process, which is a binary image itself [15].
This degradation model is known as the union noise model.
Other models exist, such as the intersection noise model,
and the union/intersection noise model, which are defined
in the obvious fashion. The assumption of independence is
crucial for the theoretical analysis of optimal filters, and it is
plausible in many practical situations. These models are rather
general in that they can be tailored to describe most popular
types of signal-independent noise, e.g., salt-and-pepper noise
(also known as binary symmetric channel (BSC) transmission
noise), burst channel errors, noise with a geometric structure
[15], occlusion, etc.

This research has been largely motivated by the works
of Haralick et al. [15] and Schonfeld and Goutsias [25].
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Their approach is model based in that they assume specific
probabilistic/geometrical models that govern the behavior of
both signal and noise “patterns,” i.., the elementary geo-
metrical primitives from which the signal and noise images
are constructed. Haralick er al. assume that the signal and
noise patterns are “noninterfering” with one another, meaning
that each signal or noise pattern is disconnected from all
remaining signal and noise patterns. Schonfeld and Goutsias
make a stronger assumption concerning the separability of
noise patterns. These assumptions are reasonable if the image
is sparse, i.e., the signal and noise patterns are most likely
to remain uncluttered. Haralick ef al. adopt the area of the
symmetric set difference between the ideal image and its
reconstruction as their choice of distance metric and work
with a union noise model to derive the optimal (in the sense
of minimizing the expected distance between the signal and
its reconstruction) value of a “size” parameter that determines
the optimal filter within a restricted family of morphological
opening filters [22], [26], [7]. In their work, the signal and
noise patterns are all assumed to be of the same basic shape,
and only their size varies. Schonfeld and Goutsias consider
morphological alternating sequential filters (ASF’s) [22], [26],
[7] and work with the union/intersection noise model. They
adopt an implicit least mean difference “uniform” optimality
criterion (i.e., the best filter, within a family of filters, is
defined to be the one that minimizes an average (over the
family) distance metric between the outputs of all the filters
in the family for a given class of inputs). They derive the
“optimal” ASF by means of minimizing an upper bound on
their cost function. Related work can also be found in a series
of papers by Dougherty et al. [8]-[10].

This work “ocuses on a different viewpoint. As it turns
out, by restricting our attention to suitable classes of fil-
tering operations and uniformly bounded discrete random
sets (defined below), we can obtain optimal filtering results
under considerably milder assumptions on the signal and noise
patterns, i.e., results that are applicable for all signal and noise
models under the assumption of mutual independence of the
signal and the noise. Specifically, one need not assume that
signal and noise patterns are “noninterfering.” Furthermore,
it is possible to obtain simple, closed characterizations of the
optimal filter. "he resulting formulas are intuitively appealing,
and directly amenable to design and implementation.

Some motivating comments are in order. A fair question to
ask is whether it is necessary for the purposes of filtering
to model binary image data as random sets. We feel that
it is for two reasons. First, this enables us to formulate
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the optimal filtering problem within a rigorous statistical
framework. Second, random set theory is closely related to
mathematical morphology, which is a nonlinear image algebra
that effectively addresses the problem of quantitative shape
description. Thus, random set theory allows the simultaneous
modeling of two important aspects of binary images: geometric
structure and statistical behavior. In and by itself, neither one
of the two can provide a complete summary of the images
under consideration. In the terminology of nonlinear filtering,
our unified approach allows the joint optimization of both the
syntactical and the statistical properties of a filter structure.

Another important question is how much common ground
exists between the optimal filtering problem for discrete ran-
dom sets and standard optimal filtering theory for the case of
real or vector-valued random variables. To what extent can
we translate well established results (e.g., the orthogonality
principle) in the discrete random set setting? The answer is that
the analogy is rather superficial. The major difference is that
our problem does not have the nice vector space structure that
underscores classical optimal filtering theory. We will explain
this in detail.

It is important to note that our results can be extended
to finite-gray-level digital images of compact support and
sup/inf noise via threshold decomposition of functions and/or
by treating functions as sets via their umbrae! (cf. [20], [7].
|61, [27] among others), which allow for a rigorous treatment
of random finite-gray-level digital images of compact support
as uniformly bounded discrete random sets defined on a 3-D
finite lattice B C Z3. This is achieved as follows. Since the
number of gray levels is finite, we can assume, without loss
of generality, that the range of gray levels is A =1,.... V.
Then the umbra of a gray-level digital image f of compact
support D C Z? is the subset of B = D x A C Z* beneath
the graph of f. It is easy to see that f completely determines,
and is completely determined by, its umbra.

The rest of this paper is organized as follows. Section
IT contains some discrete random set fundamentals, whereas
Section III contains a formalization of the optimal filtering
problem, including a discussion of our choice of distance met-
ric. Some connections with classical optimal filtering theory
are also made, and the fundamental differences are pointed
out. Section IV contains results on optimal mask filtering,
which is motivated by the set-theoretic analysis of optimal
filters. Section V takes on a morphological filtering approach,
which is motivated by the widespread use of morphological
filters, their well-known shape-preservation properties, and a
fresh statistical insight into some “folk theorems” of applied
morphological filtering. Some simulation experiments are also
included. Finally, Section VI offers some conclusions.

1I. DISCRETE RANDOM SET FUNDAMENTALS

Intuitively, a random digital binary image X is an object that
takes on “values” in the set of all subsets of a finite (e.g., 512
x 512) pixel lattice, which we will denote by B, according
to some probability law Px on a suitable o algebra. Each

!"The umbra of a function of n variables is the set of all points beneath the
graph of the function in n + 1 space.

instance K C B of image data? is thus viewed as a realization
of the random object under consideration, and it is assigned
a probability Py(X = K) by the law Py. Knowledge
of Py(X = K) for all K C B completely specifies the
random object X because it allows the computation of the
probabilities of all conceivable events of interest (e.g., What
is the probability of X N L = § for some (given) L C
B? What is the expected area of X? etc.). However, for
all practical purposes, this specification is not convenient to
work with. There exist alternative (but equivalent) means
to accomplish this specification (in terms of the so-called
generating functional or other suitable functionals of the law
Px), which are naturally more convenient for modeling and
design purposes. We will argue for this point as we move on.

Mathematically, a random digital binary image of compact
support can be formally defined as a uniformly bounded
discrete random set.

Definition 1: Let B be a bounded subset of ZZ. Assume
that B contains the origin. Let X(£2) denote the o algebra
on . Let ¥(B) denote the power set (i.e. the set of all
subsets) of B, and let £(X(B)) denote the power set of £(B).
A uniformly bounded discrete random set, or, for brevity,
discrete random set (DRS) X on B is a measurable map-
ping of a probability space (£, 2(Q), P) into the measurable
space (2(B),2(X(B))). A DRS X on B induces a unique
probability measure Py on X(X(B)).

Definition 2: The functional

Tx(K)=Px(XNK #0),K € £(B)

is called the capacity functional of the DRS X.
Definition 3: The functional

Qx(K)=Px(XNK=0)=1-Tx(K), K¢eX(B)

is called the generating functional of the DRS X.

In the context of DRS’s, the generating functional plays a
role analogous to the one played by the cumulative distribu-
tion function (cdf) in the context of scalar discrete random
variables. The following lemma will be useful. Its proof can
be found in the Appendix. See [1] for basic Moebius inversion.

Lemma {: (Variant of Moebius inversion for Boolean alge-
bras) Let v be a function on X(B). Then, v can be represented
as

v(A) = Z u(S) external decomposition.”
5CA¢

The function u is uniquely determined by v, namely

u(§) =Y (-DI(suC)

cCs

where © denotes complement with respect to B.

The capacity functional T’y (or, equivalently, the generating
functional QQx) carries all the information about a DRS X.
This is clearly stated in the following theorem.

2By convention, A is taken to be the set of all black pixels in the image.
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Theorem 1: Given Qx(K),VYK € ¥(B), Px(A),VA €
L(X(B)) is uniquely determined and, in fact, can be recovered
via the measure reconstruction formulas

=Y Px(X =K)
KeA
with
Px(X=K)= > (-)"Qx(K UK.
K'CK
Proof: The functional @ x can be expressed in terms of
Px as

- ¥ A=K

K'CK¢«

This observation, along with Lemma 1, establishes the validity
of the theorem. 0

The uniqueness part of this theorem is originally due to
Choquet [3], and it has been independently introduced in the
context of continuous-domain random set theory by Kendall
[17} and Matheron [21], [22]. Related results can also be found
in Ripley [24]. However, the measure reconstruction formulas
are essentially only applicable within a uniformly bounded
discrete random set setting. In the case of (uncountably or
countably) infinite observation sites, the uniqueness result
relies heavily on Kolmogorov’s extension theorem, which
is nonconstructive. See [12]-[14], [28]-[33] for some other
interesting results on DRS’s. (In [13] and [14], DRS’s are
defined on the infinite lattice Z2, and the results evolve in
different directions than ours.)

The capacity functional plays an important role in the study
of statistical inference problems for DRS’s. This is especially
true for a class of DRS models known as germ-grain models
and the Boolean model in particular, whose capacity functional
has a simple, tractable form. We will see that the capacity
functional has an equally fundamental role in the study of
optimal filtering.

III. FORMULATION OF THE OPTIMAL FILTERING PROBLEM

Let X,N,Y be DRS’s on B. X models the “signal,”
whereas N models the noise. Let g : (B)x E(B) — X(B) be
a mapping that models the degradation (measurability is auto-
matically satisfied here since the domain of g is finite). The ob-
served DRSis Y = g(X,N). Letd: ©(B) x X(B) — Z, be
a distance metric between subsets of B. In this context, the op-
timal filtering problem is to find a mapping f : ¥(B) — X(B)
such that the cost (expected error)

X = J(Y) = f(g(X. N))

is minimized over all possible choices of the mapping (“filter”)
f. This problem is in general intractable. The main difficulty
is the lack of structure on the search space. The family of all
mappings f : ¥(B) ~ X(B) is just too big. It is common
practice to impose structure on the search space, i.e., constrain
f to lie in F, which is a suitably chosen subcollection of
admissible mappings (family of filters), and optimize within

E(e) 2 Bd(X, X),
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this subcollection. The resulting filter is the best among its
peers, but it is not guaranteed to be globally optimal.

We adopt the following distance metric (area of the sym-
metric set difference)

d(X, X) = |(X\X) U (X\X)|
= (X\X)] + [(X\X)|
=|(X UX\(X nX)|
=|(XUX)-|(XnX)

where | | staads for set cardinality, \ stands for set difference,
ie, X\Y = X NY*, and ° stands for complementation with
respect to the base frame B. This distance metric is essentially
the Hammmg, distance [23] when X, X are viewed as vectors
in {0, 1}‘ . Since the component variables are binary, it can
also be interpreted as the square of the L, distance of vectors
in {0, 1}‘ | i.e., with some abuse of notation

dX,X)=(X -X)T(x - X)

where on the left-hand side symbols are interpreted as sets,
whereas on the right- hand SIde symbols are interpreted as
column vectors in {0, 1} |, and 7 stands for transpose. In
this setting, the sufficiency part of the orthogonality principle
(OP) [23] applies. It states that a sufficient condition for the
existence of an f* € F such that

E[(X - fFYNT(X - f(¥))]
SE[(X - fOY))T(X - f(Y)),VfeF

is that
E[(X - 1Y) (f(v)-

However, unlike the case of vectors in R", where F is a
vector space over the field of reals (known as the space of
square integrable estimators), here, F is not a vector space.
The proof of the necessity part of the OP strongly depends
on F having a vector space structure. When F does not have
a vector space structure, the key notion is that of conditional
expectation. Here, however, we run into trouble defining what
we mean by conditional expectation of a DRS X given a DRS
Y, let alone computing it. Fortunately, it turns out that it is
often possiblz to write down an expression for E[d(X, X)]
and optimize over F by brute force.

Technically speaking, d(X,X) can be considered as a
quadratic distance measure when we view X, X as vectors
in {0,1}/B | From a set-theoretic point of view, d(X, X) is
clearly not a quadratic distance measure since it penalizes
errors in a linear fashion. However, the squared area of
the symmetric set difference (which is a quadratic distance
measure in the set-theoretic sense) does not yield useful
optimality conditions. This is partly due to the lack of a
meaningful and tractable definition for the expectation of a
DRS X. In the continuous case, there exists such a definition.
The expectation of a random compact set X can be defined via
the expectation of random selections, i.e., random vectors that
are a.s. contained in X. The expectation of X is defined as
the union of expectations of all its random selections. Random

Y)) =0,¥f € F.
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selections exist, and the resulting notion of expectation of a
random compact set is well defined. This definition is adapted
to the development of strong limit theorems [40], [41], [2],
[371, [36], [39], [38], [4]. However, it is not convenient for our
purposes. Consider a uniformly bounded DRS X defined on a
finite lattice B C Z2. A random selection from X is a random
vector taking values in B; however, its expectation is not
necessarily a point in B. Thus, the resulting expectation of X
will not necessarily be a subset of B. Furthermore, in contrast
to the expectation of a random variable or random vector, this
notion of expectation of a random compact set (measurable
mapping) depends not only on the induced distribution over
the space of realizations but also on the mapping itself. This
surprising fact has interesting ramifications [41]. However,
in our case, it introduces unnecessary complications. Finally,
here we are not interested in asymptotics when the lattice
goes to infinity; instead, we focus on filtering. For this, we
need an alternative definition of expectation. From a quadratic
estimation-theoretic point of view, a proper formal definition
of the expectation of a DRS X would be as follows:

EX 2 in E[d(X, W)
arg  min [d(X, W)]

However, there exist several flaws with this formal definition.
It can be shown [28] that
in  E[d(X,W)]
arg wlenéI(IB) [4(X, W)

=arg min {|W|2
WeZ(B)

+2|W( Y PrzeX)- ) Pr(ze X))

zEWe zeW
-4y > Pz eX,yeX)}.
zeWe yeW

If we assume that Pr(z € X) =p,Vz € B, Pr(z € X,y € X)
=Pr(z € X)Pr(y € X) = p*,Vz,y s.t. z # y, and p < 0.5,
then EX = 0, regardless of the specific value of p. If p = 0.5,
then any W € X(B) will do. However, the single most
important problem is that, given a specification of the first
and second-order statistics of X, it is not clear how to find
an explicit solution to the above minimization problem. On
the other hand, the median of a DRS X, which is formally
defined as

MX & in E[d(X,W
arg min [d( )]

is much easier to deal with. Although the solution to this latter
minimization problem is not (in general) unique, it can be
forced to be unique by means of a simple regularization. Let
C(z) be a Boolean proposition that, for each point z € B, is
either true or false. Define the indicator function

a 1, if C(z)is true at z
1(C(2)) = {O, otherwise

Let supp 1(C(z)) stand for the support set of the indicator
function 1(C(z)), i.e., the subset of B where C(z) is true.
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Then, it can be shown [28] that
MpX £ supp 1(1 - Tx ({z}) < Tx({z}))

is the unique minimum cardinality solution to the minimization
problem

ngzl?B) E[d(X, W)].

These considerations essentially dictate our choice of distance
metric. In terms of the degradation, we assume that N is
independent of X and that the mapping g is given by

9(X,N)=XUN (union noise model)

or
g(X.N)=X NN (intersection noise model).

Although we shall be mainly concerned with either union or
intersection noise, on some occasions, we will allow g to be
a mapping from £(B) x E(B) x £(B) to £(B)

g(X, N1, N2) = (X N N1)U Ny

(union/intersection noise model )

where X, N7, N2 will be assumed to be mutually independent.

IV. OPTIMAL MASK FILTERS

In the case of union noise, we can assume, without loss of
generality, that the optimal filter is of the form

) =fw¥)=YNW=(XUN)NW,
for some W € £(B).

Similarly, in the case of intersection noise, we can assume that
the optimal filter is of the form

) =fYY)=YuW=(XNN)UW,
for some W € ¥(B).

Finally, in the case of combined union/intersection noise, we
can assume that the optimal filter is of the form

JV) = [ (¥) = (Y nWa) U W,
= ((((X N N1) U Nz) N W) U WY,
for some Wy, Wy, both in E(B).

We will collectively refer to these filters as mask filters.
For example, in the case of union noise, the optimal filter
should retain a subset of the observation points and reject the
rest; this should be done in some sort of statistically optimal
fashion. This is achieved by intersecting the observation with
a suitably chosen “mask” W, which, in general, depends on
the observation.

As a first step, we might want to investigate how much
we can achieve using a fixed mask W, i.e., one that does
not depend on the observation, and optimize the choice of
this fixed mask over all possible observations. We will call
the resulting constrained optimal filter the optimal fixed mask
filter. The second step would be to allow W to depend on
the observation via some suitable adaptation strategy. The
ideal situation would be to optimize the mask pointwise,
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i.e., construct a mapping W (-):X(B) — 3(B), which takes
an observation and maps it to the best mask for the given
observation. However, it seems that in general, this opti-
mization is intractable. Furthermore, the implementation of
such a pointwise optimal strategy requires a realization of
the mapping W{(-), which seems impractical. Nevertheless,
we will show that explicit optimization is possible under
some restrictions on the adaptation strategy. We will call the
resulting constrained optimal filter the optimal adaptive mask
filter.

Let us first consider fixed mask filtering. Here, we only work
with the union/intersection noise model. The other two noise
models are special cases. We have the following proposition.

Proposition 1: Under the expected symmetric set difference
measure, an optimal fixed pair of masks (W, W5) is given by

Wy = supp 1(Tx({2}) > max(Ty({z}), Ta({2))))
Wy = supp L(Tz({2}) < min(Tx ({z}), Ty ({z}))

whereas the associated minimum cost achieved by such an
optimal pair of masks is

E(e*) =Y min(Tx({z}), Ti({z}). Ta({2}))

z€eB
with
Ti({z}) = Tx({z}H)(1 = T, ({2}))
X (L=Tn,({z}) + (1 = Tx ({z})) T, ({2})

and
Tr({z}) = Tx({z)(1 = T, ({z}) + (1 = Tx({2}))-

Proof: See the Appendix.

If the first-order statistics (pixel hitting probabilities) of the
signal and noise DRS’s are spatially invariant, then obviously,
the optimal pair of masks is either (@, B), (8,), or (B, B).
In this case, fixed mask filtering is not appropriate. It is
exactly when the signal and/or the noise statistics are highly
nonstationary (meaning not even first-order stationary) that this
filtering approach makes sense. In such a highly nonstationary
environment, traditional shift-invariant neighborhood filtering
operations (e.g., local mean, median, order statistics) typically
fail to provide adequate filtering, and their optimization is
very difficult. On the other hand, the optimization of the
masks is based on simple statistics, which can be efficiently
estimated from training data. A potentially big gain in quality
of restoration rests exactly with proper use of the nonstationary
nature of the signal and/or the noise.

An obvious drawback of fixed mask filtering is that it does
not exploit the autocorrelation structure of the signal and
the noise. Furthermore, it is nonadaptive. Whenever higher
order statistics are available, we would like to use them.
We would also like to allow for an adaptation of the mask
using information extracted from the given input. Adaptive
mask filtering fits both bills. The tradeoff is an increase in
design/implementation complexity.

Let us first consider the case of union noise. Assume
that we are presented with a specific input L, i.e. we are
given that Y = X U N = L. One adaptation strategy is to
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incorporate this information into the cost function. This is
done by considering the conditional expectation of d(X, X )
conditioned on ¥ = X U N = L. However, this does not
lead to a closed-form solution for the optimal filter. The
reason is that the minimization of this conditional expectation
requires the explicit computation of a pseudo-convolution of
likelihoods on the lattice of realizations. This computation is,
in general, intractable. Instead, suppose we can upper bound
the observable DRS Y, i.e., suppose that Y = X UN C K
for some K C B. Given this information, we would like to
pick W to rinimize the conditional expectation

E(e]Y = XUN C K).

The following proposition addresses this minimization prob-
lem.

Propositicn 2: Given that X U N C K, an optimal inter-
section mask W for filtering out the noise component N is
given by
W =K Nsupp 1([1-Tx (K°U{z})][Tn (K°U{z})~Tn(K°)]

ST (KU {z}) = T (KO)[L = T (K9))).
The corresponding minimum conditional cost achieved by
such an optimal choice of W is given by?

. _ 1
E(¢' I XUNCK)= 0= Tx(K)(1 < T (K%)
X z: min {[1 — Tx (KU {z})]
z€X
X [Tw(K° U {z}) — T (K°)).
[Tx (KU {z}) = Tx (K)][1 = Tw (K]}

Proof: See the Appendix.

Observe how information about the higher order statistics of
the signal and the noise is incorporated into the filter structure
by means of the capacity functionals of the signal and the
noise. Note that the minimum conditional cost achieved by an
optimal choice of W is not necessarily increasing in K; in the
expression for the minimum conditional cost, we can show
that the sum is increasing in K, but the normalizing factor
1/((1 = Tx(K))(1 — Tn(K*))) is decreasing in K. Given
an observation, i.e., given that Y = X U N = L, the obvious
(and tightest: upper bound is the observation itself. However,
by virtue of the previous remark, this tightest upper bound
is not necessarily the best choice. Nevertheless, we will see
(cf. Section 1V-A) that it is a good choice under a low-noise
scenario.

The case of intersection noise can be addressed by appealing
to duality. One can simply take the complement of all the sets
and operatioas involved and apply the result that has been
obtained for the case of union noise. This is clear because

d(X1, Xp) = d(X7, X5)

and ((X N N)UW)® = (XU N)nWe.

Hence, by conditioning on the event X< U N¢ C K°, ie.,
(X°UN°®)ri K =, we obtain the following result:

3We assume “hat Pr(X U N C K) > 0. Note that this, in turn, implies
that Tx (K€) < 1, and Ty(K°) < 1.






















































